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A convex sequential effect algebra (COSEA) is an algebraic system with three physically motivated
operations, an orthogonal sum, a scalar product and a sequential product. The elements of a COSEA
correspond to yes-no measurements and are called effects. In this work we stress the importance of
contexts in a COSEA. A context is a finest sharp measurement and an effect will act differently ac-
cording to the underlying context with which it is measured. Under a change of context, the possible
values of an effect do not change but the way these values are obtained may be different. In this paper
we discuss direct sums and the center of a COSEA. We also consider conditional probabilities and
the spectra of effects. Finally, we characterize COSEA’s that are isomorphic to COSEA’s of positive
operators on a complex Hilbert space. These result in the traditional quantum formalism. All of this
work depends heavily on the concept of a context.

1 Introduction

We present an axiomatic framework for quantum mechanics in which the basic entities and operations
have physical significance. In this framework, the principle concepts are states and effects. The states
represent initial preparations that describe the condition of the system, while the effects represent yes—
no measurements that probe the system. The effects may be unsharp or fuzzy [3, 6, [9, [18]. A state
applied to an effect produces the probability that the effect gives a yes value when the system is in
that state. The resulting mathematical structure is called a convex sequential effect algebra (COSEA)
& (10, [15) [11] 21], 22]]. The three mathematical operations in & are an orthogonal sum a & b, a scalar
product Aa,A € [0,1] C R and a sequential product aob. These operations have physical interpretations
that we now discuss.

Although this framework is much more general, we can employ the model of an optical bench to
visualize what is happening here. A beam of particles (photons, electrons, etc.) is emitted from a source
and propagates through a channel on the bench until the beam arrives at a detector at the end of the
channel. The particles are initially prepared in a certain state and the effects describe various filters that
can be placed in the channel. The beam travels through one or more filters which interact with the beam
and can change its properties in certain ways. The detector may count particles or measure different
characteristics of the beam. The sum a @ b is performed by first splitting the beam into two equal parts,
which are directed toward the two filters placed in parallel after which both beams are reunited before
being collected at the detector. The scalar product Aa corresponds to an attenuation of filter a by the
factor A. This can be accomplished by placing a gray filter with a certain darkness in front of filter a.
The gray filter blocks some of the particles but does not otherwise disturb the beam. The sequential
product a o b is performed by placing the filters in series so that a is first and b is second. In this way,
filter a can interfere with the operation of filter » while b cannot interfere with the operation of a. We
will find this useful for describing quantum interference.
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In this work, an important role will be played by the context under which an effect is observed.
A context is a finest sharp measurement and an effect will act differently according to the underlying
context with which it is measured. For example, in the optical bench scenario, changing contexts may
result from altering the detectors or varying the size, shape or location of the bench. Under a change
of context, the possible values of an effect do not change but the way these values are obtained may be
different. As far as contexts are concerned, there is a great difference between classical and quantum
systems. We shall show that classical systems have exactly one context, while quantum systems have
infinitely many.

In Section 2 we define the concepts of COSEA’s and contexts. Section 3 discusses direct sums and
the center of a COSEA. Section 4 considers conditional probabilities and spectra of effects. Finally,
Section 5 characterizes COSEA’s that are isomorphic to COSEA’s of positive operators on a complex
Hilbert space. Of course, these result in the traditional quantum formalism. There is some overlap of this
paper and the work in [21} [22]]. However, our stress on contexts provides a different approach.

2 Convex Sequential Effect Algebras

Let & be the set of effects and . the set of states for a physical system. The connection between &
and .7 is given by a probability function F: & x . — [0,1] C R where F(a,s) is interpreted as the
probability that effect a has a yes value when the system is in state s. An effect-state space is a triple
(&, ,F) where & and .¥ are nonempty sets and F: & x . — [0, 1] satisfies:

(ES1) There exist elements 0,1 € & such that F(0,s) =0, F(1,s) = 1 for every s € .7.

(ES2) If F(a,s) < F(b,s) for every s € ., then there exists a unique ¢ € & such that F(a,s)+
F(c,s) =F(b,s) forall s € .7.

(ES3) Ifa € & and A € [0, 1], then there exists an element Aa € & such that F(Aa,s) = AF(a,s)
forall s € ..

The elements 0,1 in (ES1) correspond to the null effect that never occurs and the unit effect that
always occurs, respectively. It is shown in [10} [15] that if F(a,s)+ F(b,s) < 1 for every s € .#, then
there exists a unique ¢ € & such that

F(c,s) =F(a,s)+F(b,s)

for all s € .. We then write a L b and define a ® b = c. In this way, & is a partial binary operation on
&.

The structure (&,0,1,®) is called an effect algebra and satisfies the following axioms:
(EAl1) Ifa L b,thenb L aandbBa=adb,
(EA2) Ifa L band (a®b) Lc,thenb Lc,al (b&c)andad (b@c)=(adb)De,
(EA3) For every a € & there exists a unique a’ € & such thata | d’ anda®d =1,
(EA4) Ifa 1L 1, thena =0.

We define a < b if there is a ¢ € & such that a ® ¢ = b. The element ¢ is unique and we write
¢ =bSa. It can be shown that (£,0,1,<) is a bounded poset and a L b if and only if a < ' [5,16].
Moreover, @’ = a and a < b implies b’ < d for all a,b € &. If we incorporate the scalar product Aa of
(ES3) we obtain the following structure. An effect algebra & is convex [10} [15] [L1] if for every a € &
and A € [0,1] C R there exists an element Aa € & such that
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(COl) If o, €[0,1] and a € &, then a(Ba) = (aff)a.

(CO2) Ifa,B €0,1] withax+ B <1anda € &, then aa L Bband (o + f)a = aad Ba.
(CO3) Ifa,b e & witha L band A €[0,1], then Aa L Aband A(a®b) = La® Ab.
(CO4) Ifa e &, then la = a.

We call an effect algebra an EA and a convex effect algebra a COEA, for short. In & and .# are EA’s,
amap ¢: & — F is additive if a L b implies that ¢(a) L ¢(b) and

¢(a®b) = ¢(a)®¢(b)

An additive map ¢ that satisfies ¢(1) = 1 is called a morphism. A morphism ¢: & — .7 for which
¢(a) L ¢(b) implies a L b is a monomorphism and a surjective monomorphism is an isomorphism. If &
and .# are COEA’s, a morphism ¢ : & — .7 is dffine if ¢(Aa) = A¢(a) forall A € [0,1], a € &. If there
exists an affine isomorphism ¢ : & — .%# we say that & and .% are COEA isomorphic.

The simplest example of a COEA is the unit interval [0, 1] C R with the usual addition (when a+b <
1) and scalar multiplication. A state on an EA & is a morphism @: & — [0, 1]. Notice that in an effect-
state space, the function a — F(a,s) is a state on &. We denote the set of states on & by Q(&). We say
that S C Q(&) is order-determining if ®(a) < w(b) for all @ € S implies that a < b. It is shown in [15]
that every state on a COEA is affine. It is also shown in [[15]] that an effect-state space is equivalent to a
COEA with an order-determining set of states.

We now introduce the sequential product aob on a COEA. Because of the series order for aob, a
may interfere with the » measurement but b will never interfere with the a measurement. If acb =boa
we write a | b and say that a and b do not interfere. We now present our general definition.

A convex sequential effect algebra (COSEA) [11] is an algebraic system (&,0,1,&,0) where
(&£,0,1,®) isaCOEA and o: & x & — & is a binary operation satisfying:

(S1) b+ aob is additive for all a € &,

(S2) loa=aforallac &,

(S3) Ifaocb =0, thena | b,

(S4) Ifa|b,thena | b and ao (boc) = (aob)ocforallc € &,
(S5) Ifc|aand ¢ |bthen ¢ |aob and ¢ | (a® b) whenever a L b,
(S6) Forall A € [0,1] CR, a,b € &, we have that

(Aa)ob=ao (Ab) =A(aob)

It is shown in [21]] that if & satisfies an additional continuity property that makes & a c-COSEA then
(S6) is automatically satisfied.

In quantum mechanics, a o b is useful for describing quantum interference. It is also needed for
defining the important concept of conditional probability. An element a in a COSEA is sharp if the
greatest lower bound a A a’ = 0. Sharp effects are thought of as effects that are precise or unfuzzy. We
denote the set of sharp effects in & by S(&).

Theorem 2.1. [12]] The sequential product in a COSEA & has the following properties. (i) aob < a
forall a,b e &. (i) If a<b, then coa<cob forall c€ &. (iii) a € S(&) if and only if aca = a.
(iv) Forae &, be S(&), aob=0ifand only ifa L b. (V) Fora€ &, b € S(&), a < b if and only if
aob=boa=aand b < aifand and only ifaob=boa=b.
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For a COSEA &, we call a € S(&) one-dimensional if a # 0 and if b € & with b < a, then b = Aa for
some A € [0,1]. We denote the set of one—dimensional elements of & by S;(&). It is shown in [L1] that
if a € $1(&) then there exists an a € Q(&) such that a(a) = 1. A COSEA is state-unique if a is unique.
Although it is not known whether an arbitrary COEA is state-unique, it is shown in [21} 22] that every
COSEA is state-unique.

A finite context in a COEA & is a finite set {ay,...,a,} C (&) such that

a®ar®---Da, =1

It follows that a;(a;) = 6;;. We denote the set of finite contexts in & by €'(&). We interpret a finite
context as a finest sharp measurement. We say that & is finite-dimensional if there does not exist an
infinite sequence a; € S1(&) such that a; @ --- ® a, is defined for all n. Thus, there are no infinite
contexts. For simplicity, we assume that the COEA’s (and (COSEA’s) we consider in this paper are
finite-dimensional. If & is state-unique and a,b € S;(&’), we call a(b) the transition probability from a
to b. We say that & is symmetric if a(b) = B(a) for all a,b € S;(&). It is shown in [21] 22] that every
COSEA is symmetric.

Lemma 2.2. If & is state-unique and symmetric, then all contexts in & have the same cardinality.

Proof. Let o, € € (&) with & ={ay,...,a,}, B={b1,...,by}. Then
n=Y ai(b;) = Y.bjla) =m O
i i

We say that a COEA & is spectral if & is state-unique and for every b € & there exists a context
o/ ={ay,...,a,} such that
b=Mha @ ©Aay

Ai €10,1], i =1i,...,n. We denote the set of such b € & corresponding to a fixed context </ by & (7). It
can be shown that every COSEA is spectral [22]. A subset .# of a COEA & is a sub-COEA if 0,1 € .F,
a € Z implies d'Aa € .F forall A € [0,1] and if a,b € .F witha L b, thena® b € F. A subset ¥ of a
COSEA & is a sub-COSEA if % is a sub-COEA and if a,b € .# implies aob € .Z. Itis clear that if &
is a COEA (COSEA) then &(.¢7) is a sub-COEA (sub-COSEA) for every a € €(&).

We close this section with some examples of COEA’s and COSEA’s. The first example comes from
the quantum formalism. Let H be a complex Hilbert space and let &(H) be the set of operators on H
satisfying 0 < A <[ where we are using the usual operator order. For A,B € &(H) we write A L B
if A+ B < and in this case we define A@B=A+B. For A €[0,1] and A € &(H), AA € &(H) is
the usual scalar multiplication for operators. It is easy to check that (£(H),0,1,®) is a COEA which
we call a Hilbertian COEA. The sharp elements of & (H) are the projections on H. For ¢ € H with
¢ # 0, we denote the projection onto the one-dimensional subspace generated by ¢ as P(¢). Of course,
P(¢) = P(y) if and only ¢ = ay for some a € C, ¢ # 0. The elements of S; (&' (H)) are precisely the
P(9), 9 € H,  # 0 and &(H) is finite-dimensional if and only if H finite-dimensional. In this case,
the contexts of & (H) correspond to the orthonormal bases of H so ¢ (& (H)) is infinite if dimH > 2. If
A €S| (&(H)) with A = P(¢) where ||¢|| = 1, then A is the unique state given by A(B) = (¢, B¢) for all
B € &(H). Hence, &(H) is state-unique. It follows from the spectral theorem that & (H) is state-unique.
Moreover, if B= P(y), ||y|| = 1, then the transition probability becomes

~

(B)=B(A) = (¢, y)*

)
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so &(H) is symmetric. If .# is a sub-COEA of &(H) for some H, we call .# a sub-Hilbertian COEA.
An example of a sub-Hilbertian COEA is a von Neumann algebra of operators on H. These are also
spectral and symmetric. For A, B € &(H) define the product Ao B = A'2BAY/2 where A'/? is the unique
positive square root of A. It is shown in [12} [13] that with the product A o B, &(H) becomes a COSEA.
We also have that AoB = BoA if and only if AB = BA [14]; that is, A and B commute. We then call
&(H) a Hilbertian COSEA, and any sub-COSEA of &(H) is a sub-Hilbertian COSEA. As before, a
von Neumann algebra on H is an example of a sub-Hilbertian COSEA.

Our next example comes from fuzzy probability theory [2,8]. Let Q, (/) be a measurable space in
which singleton sets are measurable and let & (€2,.27) be the set of measurable functions on Q with values
in [0, 1] C R. If we define the operations ©,A f and f o g = fg analogously as in the previous example,
&(Q, o) becomes a COSEA. The elements of & (Q,.7) are called fuzzy events and we call &£(Q,%7) a
classical COSEA. The elements of S (&' (Q, 7)) are the characteristic functions (or equivalently, the sets
in &) and S (&(Q,.27)) consists of the characteristic functions of the singleton sets (or equivalently, the
elements of Q). Notice that & (Q,.o/) is finite-dimensional if and only if Q is finite and in this case there
is only one context. Also, &(Q,.2/) is symmetric and spectral. Conversely, it is shown in [[11] that if
a finite-dimensional COEA (COSEA) & has only one context, then & is isomorphic to classical COEA
(COSEA). We have seen that a classical COEA contains only one context while a quantum (Hilbertian)
COEA possesses an infinite number of different contexts. Is there anything between? That is, can a
finite-dimensional spectral COEA & have a finite number, greater than one, of disjoint contexts [11]]?
The answer to this question is negative. In fact, if & has more than one context, then it has uncountably
many [17].

3 Commutants

In this section, & will denote a finite-dimensional COSEA. For .% C &, the commutant of .% is defined
as

F'={be&:bla forallac F}

Notice that .%’ is a sub-COSEA of &. If # C ¥ C & then ¢’ C .%’. We also have that .% C %",
F'=F" NG C(FNY) and (FUY) C F' UY forall #,4 C &. We say that F C & is
commutative if aob = boa for all a,b € Z. Clearly, .# is commutative if and only if .# C .#’'. Tt is
shown in [11]] that & is commutative if and only if & has only one context and hence is isomorphic to a
classical COSEA. We call &” the center of &. Thus, & = & if and only if & is isomorphic to a classical
COSEA and &” is a commutative sub-COSEA of &. It is clear that {A1: A € [0,1]} C &’. We say that
& is a factor if & = {A1: A €[0,1]}.

We now define the direct sum & = & @ & of two COSEA’s (7,01, 11,®), (63,02, 12,®). We define
(£,0,1,®) by

E=EXE = {(al,az): a € (9([’1,612 S gg}

with 0 = (01,02), 1= (11, 12) Ifa= (al,ag), then @’ = (dll,dé). Ifa= (dl,dz), b= (bl,bz) thena L b
ifa1 _Lbl, ar _Lbz and
a®b= (a1 ®by,ay & by)

For A = [0, 1] define A (a;,a2) = (Aa;j,Aay) and we define

(ar,az)o(b1,by) = (ajoby,a0b;)
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It is easy to check that & is a COSEA. We have that (aj,az) < (by,by) if and only if a; < by, ap < by and
& = {(al,dz)l ay € é‘){,az S 602/}

Clearly, (a;,az) € S(&) if and only if a; € S(&1) and as € S(&).

Lemma3.1. Let & =& ©&. (i) (ar,az) € S1(&) if and only if ay =01 and ay € S1(&2) or ay =0, and
a € $1(&). (i) o/ € € (&) if and only if

g = {(a,-,Og),(Ol,bj)}
where {a\} € € (&) and {b;} € €(&)

Proof. (i) Necessity is clear. For sufficiency, suppose that (a;,a;) € S;(&) and a; # 0y, az # 0;. Then
(a1,02) < (ay,az) but for A € [0, 1] we have that

(a1,02) 75 (lal,ldz) = )L(al,ag)

which is a contradiction. Hence, a; = 0y or a, = 0,. Clearly, if a; # 0, then a; € S;(&7) and if a, # 0,
then a; € S1(&3). (ii) This follows from (i). O
We shall need the following lemma to prove Theorem 3.3.

Lemma 3.2. (i) Ifa|cand a|(c®d) thena|d. (i) Ifc<banda|c a|bthena|(bSc). (i) If
c<bthenbSc= (c®b). (iv) If F is a sub-COSEA of & and b,c € F withc < b, thenb&c € F.

Proof. (i) Letb=c@®d sothata|canda|b. Now cdd Db =1sod = (c®b'). Sincea |b, a|b
and since a | ¢ we have that a | c®b’. Hence, a | d. (ii) Since ¢ < b we have that b = c® (bS¢). Since
alcandalb,by (@) al(bSc). (iii) This follows from (i). (iv) Since b,c € % we have that b’ and
c®b € .F. Hence, by (iii).

bSc=(cwb) eF O

Theorem 3.3. A COSEA & is isomorphic to a direct sum of two COSEA’s if and only if there exists an
aeS(E)NE witha#0,1.

Proof. If & is isomorphic to a direct sum of two COSEA’s, we can just as well assume that & = &1 @ &>.
We then have that (11,0,) € S(&)Né&” and (11,02) # (11,12) =1 and (11,0,) # (01,0,) = 0. Conversely,
suppose a € S(&)N &’ witha #0,1. Let

& ={aob: be &}
and define 0 =ao0=0and 1; =aol =a. Foraob € & define
(aob) =aob € &
Define aob; Ly aob, if by L by and in this case
aoby®aoby =ao(by®by)=aobyBaob, € &

It is easy to check that (&7,0;,1;,®) is an effect algebra. Letting A(aob) =ao (Ab) makes &} into a
COSEA. Defining
(aob)oj(aob) = (aob)o(aoc)=ao(boc) € &
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we see that aob || aoc. We now show that (&7,0;,11,®0;) is a COSEA. It is easy to verify that (S1)
and (S2) hold. To verify (S3) suppose that (aob)o; (aoc) =0. Then

ao(boc)=(aob)o(aoc)=0

Hence, aob |aoc soaob || aoc. To verify (S4) suppose that aob |y aoc. Then aob |aoc. Since
a=aoc®aoc andaob|a,aob|aocc it follows from Lemma3.2(i) that aob | aoc’ soaob | (aoc)'.
Moreover, for all d € & we have

(acb)of(acc)o(acd)] = [(ach)o(acc)|o(aod)

The verification of (S5) and (S6) are straightforward. We conclude that &) is a COSEA. Now d' € §(&)
with @’ £ 0,1 so letting & = {d@’ ob: b € &} with similar definitions we have that (&3,0,, 15,$7,0;) is
a COSEA. Every element of & has the unique representation b = aob@®d ob, aob € &, d ob € &.
Defining the map J: & — & @® & by J(b) = (aob,d ob) it is straightforward to show that J is an
isomorphism. O

Since & is spectral, every b € & has a representation b = Aja; @ - - - ® A,a, for some {a;} € € (&),
A; € [0,1]. We denote the set of effects that have such a representation relative to a context &7 € €(&)
by &(<f). It is clear that &(7) is a commutative sub-COSEA of &. In fact, if b is as above and
c=uHay DD Upan, W €[0,1], then b L cifand only if A;+ y; < 1,i=1,...,n and in this case

bee=(M+u)ar® & A+ )y

In general, we have
boc=(Au)ar @ - B (Aully)an

In the representation for b € &, the A; need not be distinct but since the sum of sharp elements is sharp,
we can write
b=2Ac1 @ ®Acm (3.1

where ¢; € S(&), A/ # A}, i #. The next result follows from Theorem 4.3 in [11]].

Theorem 3.4. Any b € & has a unique representation where Al € [0,1], A/ # A, i # j, ¢; € S(&),
1@ ®eym=1andc; € {b}".

Theorem 3.5. Ina COSEA &, a | b if and only if a,b € &() for some o/ € € (&).

Proof. 1f a,b € &(4/), then clearly a | b. Conversely, suppose that a | b. By Theorem [3.4] we have a =
®Aiai, b= BWb;, Ai # Aj, Wi # Wj, i # j, a;,b; € S(&) and Ga; = ®&b; = 1. Moreover, by Theorem [3.4]
a; | bj for all i, j. Then a;ob; € S(&) and @a;ob; = 1. Letting e, be the nonzero a; o b; we have that
e € S(&) and Pey = 1. Then a; = @ {ex: ex < a;} and similarly for the b;. Reordering the A; and y; if
necessary we can write a = ®Aje;, b = @ e;. Finally, we can construct a context .27 = {c,} such that
e; = ®cy, for all i. Then a = GAic;, b = S c; so that a,b € (). O

Lemma 3.6. Ifa € S,(&), b e S(&), then a| b if and only ifaob =0 or a < b.

Proof. If aob =0 or a < b, then by Theorem a|b. If a| b, then since aob < a we have that
aob = Aa for some A € [0,1]. Since aob € S(&), A’a=2Aaso A*> =2. Hence, A =0or A = 1. If
A =0,thenaob=0.If A =1, then

a=aob=boa<b |
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Theorem 3.7. Ifa € S(&), then
{a) = {b; b=Aae@Phiai {aar,...,a,} € €(8),A, A € [0, 1]} (32)

Proof. If b= Aa® @ Aia; as in (3.2), then clearly b | a. Conversely suppose b | a. By Theorem [3.4] we
can write b = ®;c;, ¢; € S(&), Wi # W), Ui #0, c;ocj =0, i # j. Also by Theorem [3.4] we have that

a | c; for all i so by Lemma[3.6laoc; =0 ora < c. If aoc; =0 for all i, then form a context {a,ay,...,a,}
such that b = 0a ® @ Aja;. Otherwise, there is a j such that a < ¢; and aoc; = 0 for all i # j. We again
form a context {a,ay,...,a,} such that b = La ® P Aa;. O

Theorem 3.8. A COSEA & is a factor if and only if & is not isomorphic to the direct sum of two COSEA’’s.

Proof. Suppose & is a factor. If & is isomorphic to a direct sum of COSEA’s &}, &3, then by Theorem [3.3]
there is an a € S(&) N &' with a # 0, 1. But then a = A1 for some A € (0,1). Since a*> = a we have that
A?>=Aso A =0or A =1 which is a contradiction. Conversely, suppose & is not a factor so that
& #{A1: A €]0,1]}. Then there is a b € & with b # A1 for any A € [0,1]. By Theorem [3.4] there
exists an a € S(&) N {b}" with a # 0, 1. Since {b}’ = & we have that a € {b}" = &’. By Theorem 3.3
& is isomorphic to the direct sum of two COSEA’s. O

For # C &, if a € Z NS(&) with a # 0, we say that a is minimal sharp in .F if b € # NS(&) and
b <a,then b =a.

Theorem 3.9. .7 is a commutative sub-COSEA of & if and only if there exist minimal sharp elements
ai,...,a, in F such that a1 ® -+ P a, = 1 and

F={Ma1 @@ huay: 4 €[0,1]} (3.3)

Proof. If .7 has the form (3.3), since g; | a;, # C .#' and it is easy to show that .% is a sub-COSEA.
Conversely, suppose % is a commutative sub-COSEA of &. If b € .% N S(&) with b # 0 we show there
exists a minimal sharp @ in .% such that a < b. If b is minimal sharp in .# we are finished. Otherwise,
there exists an a; € F NS(&) with a, # 0 and a; < b. If a; is minimal sharp in .% we are finished.
Otherwise, there exists an a, € .# NS(&) with a; # 0 and a, < a; < b. This process must end because if
ay >ap >ap > --- with, q; € FNS(&), a; # 0, then letting b; = a; ©a;11,i=1,2,..., we have b; € S(&)
and b; 1 bj, i # j. Since & is spectral, there exist ¢; € S1(&) such that ¢; < b;, i = 1,2,..., but this
contradicts the finite-dimensionality of &. We conclude that for b € .Z N S(&) with b # 0, there is a
minimal sharp @ in .% such that a < b. Let aj,as,...,a, be the minimal sharp elements of .%. Again,
because of finite dimensionality there is a finite number of these. Moreover, we have a; & ---a, = 1. If
d € Z, then Theorem [3.4]there exist d; € .# NS(&) such that

d=Md1 D - - D A,d,

where A; € [0,1] and d; @ --- © dy,, = 1. By our previous work d; = @a;, so that d = ya; © - © Upay,
w € [0,1). O

Corollary 3.10. There exist minimal sharp elements ay,...,a, in & such thata; ®---®a, = 1 and
— {)Llal @"'@lndni l,' S [0,1]}

Lemma 3.11. If a is a minimal sharp element of &' and F = {aob: b € &}, then F is a COSEA with
unit a and ¥ is a factor.
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Proof. We have shown in the proof of Theorem [3.3]that .7 is a COSEA with unit a. To show that .% is
a factor, we must show that ' N.% = {da: A €[0,1]}. Ifacb € F'N.FNS(&), then aob | aoc for
all ¢ € &. We also have that (aob)o(d' oc) =0soaob|d ocforall c € &. Since c =aoc®d oc we
have aob | csoaob € &'. Since aob < a and a is minimal sharp in & we conclude that if b # 0 then
aob = a. Hence, the only sharp elements of .%' N.% are 0 and a. Since every ¢ € .#' N.% has the form
c=Mc1® - DAen, A €10,1], ¢; € S(F) we have that ¢ = Aa, A € [0, 1]. Therefore, .# is a factor.

We can extend the definition of direct sum to more than two summands. We define
EDEHDE=(E1DEH)DE

and of course, the placement of the parenthesis is immaterial. In a similar way, we define & = &1 6 & &
--- @ &,. For convenience, write (aj,...,a,) € & as a;®---day, a; € &, i = 1,...,n. We then have
ajoaj=0,i# j,and 11 ®--- &1, = 1. Also,

é"':{al@-'-@an: aieé‘}/}

Theorem 3.12. Any finite-dimensional COSEA & is isomorphic to the direct sum of a finite number of
factors.

Proof. By Corollary [3.10] there exist minimal sharp elements ay,...,a, in & witha; &---®a, = 1. By
Lemma[3.11] & = {a;0b: b € &} is a factor with unit g;. Since every b € & has the form

b=aob®---Pa,ob
it follows that & is isomorphic to & @ --- ® &,. O

We close this section with a result about the state space of the direct sum. If V is a real vector space
and Aj,...,A, CV we define the convex hull of ay,...,A, by

CH(Ai,...,Ay)
:{llv1+'--+7tnvn: A <0, Z?Li: 1, v €A, izl,...,n}

Theorem 3.13. Q(& @ ---®6,) =CH (Q(&1),...,2(&))

Proof. We shall show that Q(& & &) = CH (Q(&71),2(42)) and the general result easily follows. If
W € Q(&), m € Q(&), A €[0,1], (a,b) € & = & @ &, define

o(a,b) = Aw(a)+ (1 — 1) (b)
To show that w € Q(&’) we have that
(1)(11, 12) = 7L(1)1(11)+ (1 —l)a)z(lz) =1

and

o [(a1,a2) ® (b1,b2)] = ® (a1 D b1,a2  by)]
= 7La)1(a1 @by)+(1—A)m(ay ®by)
= Ao (ar) + o1(b1)]+ (1 = 1) [an(az) + an(b2)]
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= [Aai(ar) + (1= A)w(az)] + [A o (b1) + (1 = A) @ (b2)]
= a)(al,az) + a)(bl,bz)

Hence, CH (Q(&1),Q(&62)) C Q(& & &). To show that Q(&1 & &) C CH (Q(&1),Q(82)), let o €
Q&1 ®&). If ®(11,0) =0 then for b € & define w2 (b) = @(0;,b). Since @(01,12) =1, @ € Q(&3)
and we have that

o(a,b) = o ((a,0,) ®(01,0)) = @(01,b) = wr(b)

Similarly, if @(0;,1,) = 0, then letting @, (a) = @(a,0,) we have that ®(a,b) = ®,(a). If ©(1;,0,),
®(01,12) # 0, define w; € Q(&7), @ € Q(&) by

1 1

) (a) 0(a,0;), (D) ®(04,D)

- 0)(11,02) - a)(Ol,lg)
Then @(11,02) + @(01,12) = o(1) = 1 and
(l)(d,b) = a)(a,Og) + 0)(01,[9) = 0)(11,02)601 (a) + a)(Ol, lz)a)z(b) O

4 Conditioning and Spectra

As before & will denote a finite-dimensional COSEA and if a € S1(&) then a is the unique state on &
such that a(a) = 1. If b € & and w € Q(&) with w(b) # 0 we define the conditional probability for ®
givenbas o(c|b) = w(boc)/w(b) for every ¢ € &. Notice that (-] b) is indeed a state on &
Theorem 4.1. Leta € S1(&). (1) a is the unique state on & such that aob = a(b)a for all b € &. (ii) a
is the unique state on & such that a(b) = a(aob) for all b € &. (iii) If ® € Q(&) with w(a) # 0, then
o(b|a)=a(b) forallbec &.

Proof. (i) Since aob < a, there exists A,(b) € [0,1] such that aob = A,(b)a. Applying a to both sides
gives A,(b) = a(aob). Itis clear that A, € Q(&') and A,(a) = 1. Hence, A, = a so that aob = a(b)a for
allb e & If o € Q(&) satisfies aob = w(b)a for all b € &, letting b = a gives

a=aoa=(a)a
Hence, @(a) =1 so ® = a. Thus, a is unique. (ii) By (i) we have that
alaob) =a(b)a(a) = a(b)
forall b € &. If o € Q(&) satisfies @(b) = w(aob) forall b € &, letting b = 1 gives w(a) = o(1) =1
so that @ = a. (iii) If w(a) # 0, applying (i) gives
o(b|a) w(aob) _ o (a(b)a) _alb) O
o(a) o(a)

From Theorem [A.1Kiii) we have that a(b) = @(b | a) for all @ € Q(&) with ®(a) # 0. We conclude
that @ is the universal conditional probability given a.

Let Q(&) = Q(&) U {0} where 0(b) = 0 for all b € &. For all a € & we define the conditional
probability map v, : SAZ(@@) — ﬁ(@@) by 7,(0) =0 and for @ # 0

_Jo(|a) ifo(a)#0
(@) = {o if w(a) =0

It is clear that yp(w) =0 and 71 (w) = w for all w € ﬁ(@‘" ). The next result summarizes properties of .
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Lemma 4.2. (i) If a € $1(&), the a is the unique nonzero fixed point of v,; that is, Y,0 = ®, ® # 0
implies that ® = a. (ii) Ifa L b, ¢ | a, ¢ | b then for all ® € Q(&) we have that

0 (a®b)Yacs(0)(c) = 0(a)ta(@)(c) + @ (b) % (@)(c) “.1)
(iii) Ifa | b, then for all ® € Q(&) we have that
o(d) 1w (0)(b) = 0(b) — ©(a)v(®)(b) 4.2)
(iv) Forall ® € Q(&) and ¢ € & we have that
®(aob)Yep(®)(c) = @|[(aob)oc] 4.3)

and

@(aob)[pYa(@)](c) = ®[ac(boc)] (“4.4)

Proof. Conditions (@.I)—(4.4) clearly hold if ®w = 0. We thus assume that @ € Q(&). (i) We have from
Theorem [.11(ii) that
Y.(@)(b) = a(b | a) = a(aob) = a(b)

Hence, 7,(a) = a. Now if 7,0 = o, then @(a) # 0 and for every b € & we have that

o (b) = Ya(w)(b) =

We conclude that @(a) = 1 so that @ = a. (ii) If w(a®b) =0, then w(a) = w(b) = 0 so both sides of
@.1) are 0. If w(a® b) # 0, then (@.1) is equivalent to

w[(a®b)oc]=wlco(a®b)]=w(coa®cob)
=w(coa)+w(cob)=w(aoc)+m(boc)
(iii) If w(a’) =0, then the left side of (4.2]) is 0 and the right side is ®(b) = @(aob). Butb=boa®bod

and since bod' = d ob < d’ we have that @w(bod’) = 0. Hence, ©(b) = w(aob) so the right side is also
0. If w(da’) # 0, then is equivalent to

o(d ob)=w(bod)= w(b) — w(boa) = &(b) — w(aobh)
= 0(b) = 0(a)¥a(@)(b)
(iv) If w(aob) = 0, then both sides of .3) are 0. If @(aob) # 0, then @.3) follows directly. Since

boc < b, we have that ao (boc) < aob. Thus, if @(aob) =0 then both sides of are 0. If
w(aob) #0, then

o(aob) [p1(0)) () = 2 Ofa)(ﬁ()((‘;j)(”“) — oo (boc) 0

If o(a®b) # 0, then shows that on {@,b}’ we have that },q, is a convex combination

Yooy = w(a) - w(b) ”
“Wr T w(@) +ob) " o) +ob) "’
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If o(d’) # 0, then implies that on {a}’ we have that

o o(@n(o)

)
If a | b, then and (4.4) imply that

YoYa = YaVo = Yaob

We know that for a € S (&) there exists a unique @ € Q(&) such that @(a) = 1. We now consider
whether there are other effects with this property.

Theorem 4.3. There exists a unique ® € Q(&) for which w(a) = 1 if and only if there is a context {a;}
such that
a=a ®had - dAa, 4.5)

where A; € [0,1).

Proof. If a has the form (4.9), then a)(a) = 1. If @ € Q(&) with ®(a) = 1, then

(l)(dl) + i )Lia)(a,-) =1

i=2
If w(a;) # 0 for some j =2,...,n then

n n
1= (D(al) + Z QLL'CO(ai) < CO(al) + Z CO(ai) =1
i=2 i=2
which is a contradiction. Hence, w(a;) =0, j=2,...,n. We conclude that w(a;) =1 so @ = a; and a;
is the unique state such that a;(a) = 1. Conversely, suppose there exists a unique @ € Q(&) such that
o(a) = 1. Let a = ®Aq; for some {a;} € €(&), A; € [0,1]. Since w(a) =1 we have that

le(l)(di) = (l)(d) =1

If (a;) #0and A; < 1, then
1= Z?Lico(ai) < Z(D(a,') =1
which is a contradiction. Since w(a;) # 0 for some j we have A; = 1 for some j. We can assume that

Jj =1 and write a in the form @.3). We have that A; < 1, i = 2,...,n because if A; = 1 then a;(a) =
a;(a) = 1 which contradicts the uniqueness of ®. O

Corollary 4.4. If a € S(&) , then there exists a unique @ € Q(&) such that w(a) = 1 if and only if
acs ((b‘m)

We say that b € & is dispersion-free relative to ® € Q(&) if w(b?) = w(b)?. Notice that if b € (&),
then @(b*) = w(b)? if and only if ®@(b) =0 or w(b) = 1. This terminology is due to the definition of
dispersion as

) [(b - a)(b)l)z] = 0(b?)—wb)? >0

We say that b is constant almost everywhere o |a.e.(®)] if b =Aa®c, A € [0,1], where a € S(&),
aoc=0,0(a)=1.
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Theorem 4.5. An effect b is dispersion-free relative to ® € Q(&) if and only if b is constant a.e.(®).

Proof. If b is constant a.e.(), then b = Aa® ¢, a € S(&), aoc =0, w(a) = 1. Then a | c and we have
that b*> = A2a @ ¢*. Since

a=aoc®aod =aocd =coa<
we have that 1 = w(a) < o(c’). Hence, ®(c') = 1 so that @(c) = 0. Since ¢*> < ¢ and (c) =0 we
conclude that @(c?) = 0. Hence,

o(h?) = 120(a) = A% = o(b)?

Conversely, suppose ®(b?) = @(b)?. Let b= Aa; D --- D Ayan, A; € [0,1], {a;} € €(&). Define the
random variable f(a;) = A; with distribution ®(a;). Then the expectation of f becomes

Ew(f) = ZA‘,’CO(CI,') = CO(b)

and

Eo(f?) =Y A o(a) = o(b*) = 0(b)* = Eo(f)*

Hence,

Eo|(f = Eo())] = Eo(f) ~E()? =0
Since (f — Eo(f))> >0, f = Eo(f)a.e.(o). Therefore,
flai) = Eo(f) = o(b)ae.(0)

‘We can assume that
fla) == f(am) = ©(b)

and ®(a,,41) =+ = o(a,) =0. Lettinga=a; ®--- ®a, and
c= lm-l—lam-i-l @"'@lnan
we have that b = @ (b)a® ¢ where a € §(&), aoc =0, w(a) = 1. O

It follows from the proof of Theorem [A.3]that if @ is constant a.e.(®) then the constant is @(a).

We say that b € & has eigeneffect a € S| (&) if b | a. Notice that b | a if and only if boa = a(b)a. We
call a(b) the eigenvalue corresponding to eigeneffect a. The set of eigeneffects for b is the eigenspace
S1(b) and the set of eigenvalues for b is the spectrum o(b). Since & is spectral, every b € & can be
written as b = Aja; @ -+ B Apap, A; € [0,1], {a;} € €(&). Since b | a;, it follows that a; € S;(b) and A; =
a;(b) € o(b),i=1,...,n. The different eigenvalues of b are unique but there may be various eigeneffects
corresponding to the same eigenvalues. For example, if A; = A,, then a;,a; € S;(&) correspond to A;.
More generally, in this case if ¢ € §1(&") and ¢ < a; @ a, then ¢ corresponds to A;. It is also clear that
if a,b € S;(b) correspond to different eigenvalues, then aob = 0. Moreover, b € S(&) if and only if
o(b) C{0,1} and b € S;(&) if and only if 1 € o(b) and S;(b) = {b}.

We define m(b) = min{A: A € o(b)} and M(b) = max{A: A € 6(b)}. Of course, 0 < m(b) <
M(b) < 1. We define the numerical range r(b) = [m(b),M ()] and the norm ||b|| = M(b). It is clear that
o(Ab) = Ao (b), r(Ab) = Ar(b) and ||Ab|| = A ||b|| forallb e &, A € [0,1].
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Lemma 4.6. r(b) ={0(b): ® € Q(&)}

Proof. Letay,a; € Si(b) with boa; =m(b)a; and boa, = M(b)ay. For A € [0,1] we define @, € Q(&)
by @, = Aa; + (1 — A)a,. We then have

r(b) = [m(b),M(b)] = {Am(b)+ (1 —A)M(b): A € [0,1]}
={Aa1(b)+ (1 =A)ay(b): A € [0,1]} ={w, (b): A €]0,1]}
Cl{ob): weQ(&)}

Conversely, if b = Aija1 & -+ ® Apan, {a;} € € (&) then o(b) = {Ai}. If 0 € Q(&), then w(b) =
Y Lio(a;). Since Y @(a;) = 1 we have that

m(b) =Y m(b)o(a;) <Y Aio(a;) <Yy M(b)o(a;) = M(b)
Hence m(b) < @(b) < M(b) and we conclude that
{0b): © € Q&) C r(b) O
Theorem 4.7. (i) ||b|| = max {@(b): ® € Q(&)}. (i) If by L by then
|1b1 @ bal| < [[ba] |+ [[2] |

(iii) ||b||=0ifand only ifb=0(iv) Ifa < b then ||la|| <||b|| and foralla € &, a <||a||1. (V) ||laob|| <
[lall {15]]-

Proof. (i) follows from Lemmald.6l (ii) By (i) we have that

[|b1 @ by|| = max{@(b)1 ®by): @ € Q(&)} =max{w(b;)+w(b): ® € Q(&)}
<max{w(b)): ® € Q(&)} +max{w(by): ® € Q(&)}
= [[b1][ +1]62]]

(iii) We have that b = 0 if and only if o(b) = {0} which is equivalent to ||b|| = 0. (iv) If a < b, then
there exists a ¢ € & such that b = a & c. Hence, for all @ € Q(&) we have that

o(a) < w(a)+ o(c) = (D)
It follows from (i) that ||a|| <||b||. Since a = ALja; & - -- B Apan, {a;} € €(&), 6(a) = {A;} we have that
a=Ma, @ dAa, <M(a)(a1®---Da,) =M(a)l =||a||1
(v) By (iv) we have b <||b||1 and hence, aob < ||b||a. Again by (iv) we conclude that

llaobl| <|[|[b]al] = [lall[5]| 0
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S Representation Theorems
Let & be a finite-dimensional spectral COSEA. For o/ = {a;} € € (&) define the complex linear space
c%ﬂ(ﬂ) = {Zaiai: o; € (C}

For x,y € (<) with x = Y o;a;, y = ¥ B1a; define the inner product (x,y) = Y @;f;. Thus, 5 (/) is
a complex Hilbert space that we call the state space for context <f . Of course, .7 (/) has orthonormal
basis o = {@i:i=1,...,n} and dim 57 (</) = n. The elements of </ can be thought of as states in
Q(&) or as unit vectors in .7 (2/) which again correspond to Hilbert space pure states. We now show
that this dual role is consistent. For b € & define the linear operator L, on 7 (/) by L, = Y. a;(b)P(a;).
Notice that L is a positive operator, Lo =0, Ly =1, Ly =1 — Ly and if b | ¢ then Lpg. = Ly + L.. We
then have that
(@i, Loai) = (ai, ) a;(b)P(d;)a:) = (@, a;(b)a) = a;(b)

so the dual roles are consistent. It is easy to see that L: & — & (¢ (<7)) need not be injective or
surjective and does not preserve sharpness. Moreover, all the Ly, b € &, commute so they do not convey
quantum interference. One can say that L gives a distorted partial view of &. The reason for this is that
we are only employing a single context 7. Each context gives a partial view and in order to obtain a
total view, they must all be considered.

In order to consider several contexts together, we introduce a method to compare them. We say that
& is comparable if for every o/, 78 € € (&) there exists a unitary operator Uy z: () — H(AB)
such that

‘<Ud,%a,2> ‘2 — a(b) 5.1)

foralla € &, b € 9 and
UgeUy s =Uygs (5.2)

for all ¥ € € (&). Notice that if & is comparable, then any two contexts in & have the same cardinality.
We now justify why we assume that 7#°(.«7) is a complex Hilbert space instead of a real space which
may seem to be more natural. In many situations, there is an underlying symmetry group that we would
like to represent on &. This is most accurately accomplished by employing a unitary representation of
the group on .77°(.</) for some .7 € €'(&’). For a unitary representation, we need .7°(.<) to be complex.
Moreover, it is desirable for the representation to be context independent. This motivates requiring that
& is comparable because in this case the representations for different contexts are unitarily equivalent.

Lemma 5.1. If & is comparable, then (1) Uy =1, (i) Uyp =U,,,
(i) (U@, Ugs8)|* = alc).

Proof. (i) Applying (5.2) gives Uy yUy .y = Uy Multiplying by U, , gives U,y = 1. (i) By (5.2)
we have that

UpiyUyp=Uygo =1

Hence, Uy = U}, ,. (iii) Applying (5.1, (5.2) and (ii) gives

Uy 58, U 50) > = Ui 3U 7 23,0 |* = |(UpgU.y 5G,¢))
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For b € &(#) with b = 4101 © -+ ® Ayby, define b e #(RB) by b=Y AP(b;). For comparable &
define Ugy : & (H(B)) — & (A (o)) by

Ugy =UpyBUys=UgysBUy,

We say that & is strongly comparable if & is comparable and if by L b, with b; € &(), by € &(A),
bi®b, € é"(%), then - - o~
(b1 ®b2)” =Uysb1 ® Ugebr (5.3)

We see that (5.3) is a reasonable requirement which postulates that & is independent of its Hilbert space
representation.

Theorem 5.2. A finite-dimensional COEA & is isomorphic to a finite-dimensional Hilbertian sub-COEA
if and only if & is spectral and strongly comparable.

Proof. Suppose & is isomorphic to a Hilbertian sub-COEA .#. For simplicity we can assume that
& = 7. Itis clear that .Z is state-unique. By the spectral theorem, if b € %, then b = Y A;a; where
a; € S1 (& (H)) are polynomial functions of b. Hence, a; € .% so & is spectral. To show that & is
comparable, let &7 = {a;}, % = {b;} be contexts in &. Then {a;}, {Z,} are orthonormal bases of .77

Define Uy : () — H(AB) by

PTTEDY <Bj7a\i>z;j
J

and extend by linearity. It is clear that U, 4 is unitary. Also, (5.1) holds because

() =[5, =

If € = {c;} is another context, we have that

UzeUo 2 = Z <Bj,67i>U@<gE' =) <Ej,?li> <gk>z;j>gk

J.k

= Z Ck7al z/%al

Hence, (3.2)) holds so & is comparable. In this case, if a € & then a = a and ljzﬂg =U @¢ = I so clearly
& is strongly comparable.
Conversely, suppose & is spectral and strongly comparable. Fix & € ¢(&) and let
J: & — & (A (o)) be defined by L
J(b) = Uz (b)

where b € &(AB), B € €(&). We first show that J(b) is well-defined. That is, we need to show J(b) is
independent of the context 9 containing b. Suppose b € &(#B)NE(E). Letting by = 0, by = b, we have
that by € &(B), by € £(#) and by by =b € &(F). By (5.3) we have that

b= (b1 ®b)"~ =Usy(h)) ®Usge(br) = Uge(b)

Therefore

Ug s (b) = Ug oyU.g (b) = Uy (b)
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Hence, J(b) is well-defined. We now show that J is injective. Let b € &(#) with b =110 & --- &
Anbn, ¢ € E(F) with ¢ = l¢| & -+ & Uyc, and suppose that J(b) = J(c). Then Uz (b) = Ug .y (¢) or
equivalently B

UzeybUyz = Usg o cUyg

This implies that B
b=Uy3Ug.cUysUzpy = UgpcUps

which gives U. %Z = cUgy. We conclude that

Uzebi) = (Ugeb)b; = AUz4b;
Hence, U ggcgz;i an eigeneffect of ¢ with corresponding eigenvalue A;. But the eigenvalues of ¢ are u; with
corresponding eigeneffects ¢;. Therefore, A; = ; for some j and Ugyb; = c;. Since

~ 2
bile) = |(Usebisa )| = (@80 = 8

we have that Zo\,-(cj) = 1. We conclude that b; = ¢; for all i so b = c. We now show that J(b; ® b,) =
J(by)®J(by). Suppose that by L by with by € &(AB), b, € (), by ® by € &(F). By strong compara-
bility we have that o o

(b1 ®b2)” =Ugy(b1) ®Ugs(b2)

Hence,
J(b1@by) = Usgr [(by ®b2)] = Uigs [ﬁ@%(zl) ® 17@%(52)]
= U o Use(02) © Usg s Ugps (02) = Usger (b1) ® Uy ()
=J(b1) ®J(b2)
If A €[0,1], b€ &(A), then
J(Ab) = Uy (Ab)™) = Uspey (Ab) = 2Uszey (b) = AJ ()
It is easy to check that the range of J is a sub-COEA of & (7 («)). O

We now consider representations of a finite-dimensional COSEA &. We first need some preliminary
lemmas. We saw in Theorem [3.4]that any a € & with a # 0 has a unique representation a = Ajc; $ - B
AiCny i 0, A4 £ A, i # j, and ¢; € S(&). We denote by [a] the smallest sharp element that dominates
a.

Lemma 5.3. [a] exists and [a] =c1 @ -+ D cy.

Proof. Letc=c|®---@c¢,. Thenc € S(&) and a < c. Suppose b € S(&) anda <b. Thenaob =boa=a.
Hence, b | ¢; and
Mc1® - ®DAchn=a=aob=~Aciob® - B A,chob (5.4)

Now c¢;ob < ¢; and if ¢; o b < ¢; we would contradict (3.4). Hence, c; 0o b = ¢; so that
cob=®(ciob) =dc;i=c

It follows that ¢ < b so that ¢ = [a]. O
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We say that a € & is pseudo-invertible if there exists a b € & such that [b] = [a], ||b|| =1 and
aob=boa=A[a]

for some A € [0,1]. We then call b a pseudo-inverse for a. (A slightly different definition as well as a
version of the next lemma are given in [21].) We denote the smallest nonzero eigenvalue of a by A (a).

Lemma 54. Ifa # 0, then a has a unique pseudo-inverse and A = A(a).

Proof. If a # 0, as before a has the unique representation a = Ajc; @ --- B Aycn, A 0, 4y # Ajy i # ],
¢ € S(&). Letting

1 1
b=2A(a) <A—101@-'-@l—cn>

we have from Lemma[3.3]that

aob=boa=A(a)(ci D - Dcy) =A(a)|a]

Moreover, ||b|| =1, [b] = [a] =¢1 ® - D ¢,. For uniqueness, suppose [d| = [a],||d||=1and aod =

doa= MAla]. Thend = pic; © - ® U,c, and
wAic) @ @ UpApc, = aod = Ald]

This implies that (;A; = A for all i. Hence, y; = A/A;. Since ||d|| = 1 we have M(d) = 1 which implies
that

A A A
W:m:max<x> :max(,u,):HdH:l
Therefore, A(a) = A and y; = A(a)/A; sod = b. O

We denote the unique pseudo-inverse of a by a='. If a # 0, u > 0 and pa € &, then it is easy to
show that (ua)~! = a~!. It follows that (a=')~! = a/||a|| and ((cfl)*l)_1 =a~!. We can interpret
a~! operationally as the effect that reverses a without interference but with a reduction of intensity by a
factor A(a). If [a] = 1, we say that a is invertible and a~ ! is the inverse of a. We say that & is inverse-
preserving if whenever a and b are invertible, then ao b is as well and (aob) ™! =a~!ob~!. Notice that
the order of a~! and b~! on the right is a bit unexpected but this is the correct order for a sequential
product a o b in which a is measured first. It is clear that a classical COSEA is inverse-preserving. That
a Hilbertian sub-COSEA is also will be shown in Theorem 5.6.

Lemma 5.5. (i) a € & is invertible if and only if a does not have a zero eigenvalue. (ii) If a 1 b and a
is invertible then a @ b is invertible.

Proof. (i) If 0 € o(a), then [a| # 1 so a is not invertible. If 0 ¢ o(a), then [a] =1 so a is invertible.
(i) If a is invertible, the [a] = 1. Suppose a @ b is not invertible. Then [a@® b] # 1 so there exists a
¢ € §1(& such that

coadcob=co(a@b)=(adb)oc=0

Hence, c oa = 0 which contradicts [a| = 1. O

When we consider a sub-Hilbertian COSEA .# C &(H) we are assuming the standard sequential
product Ao B = AY/2BA'Y/2 on 7.
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Theorem 5.6. A finite-dimensional COSEA & is isomorphic to a finite-dimensional sub-Hilbertian
COSEA % C &(H) if and only if & is strongly comparable and inverse-preserving.

Proof. Suppose & is COSEA isomorphic to .# C & (H). For simplicity, we can assume that & = .Z.
We have shown in Theorem that & is strongly comparable. To show that & is inverse-preserving,
suppose that A,B € & are invertible. It follows from Lemma [5.3(i)) that A and B are invertible in the
usual operator sense. To avoid confusion, denote the usual operator inverse of A by A. We then have that

(AoB)" = (A'/2BA'/*)) =A'/?BA'?> = AoB (5.5)
Writing A~! as we previously define it we have that
AcA ' =A"ToA=2(A)I

Therefore, A~' = A(A)A. Hence, A(A)A € & although A ¢ & in general. Similarly, B~ = A(B)B € &
and we can rewrite (3.3) as

A" oB ' = A(A)A(B)AoB=A(A)A(B)(AoB)" = (AoB)™!

Hence, (A oB)~! exists and equals A (A)A(B)(A o B)".

Conversely, suppose & is strongly comparable and inverse-preserving. We have previously observed
that & is automatically spectral. Applying Theorem [5.2] there exists a COSEA isomorphism J from &
onto a Hilbertian sub-COSEA .# of &(H). Define the product J(a) - J(b) = J(aob) on .%. It is shown
in [11]] that .# becomes a COSEA under this product. If a € & is invertible, then J(a) is invertible with
J(a)"'=J(a"). Indeed, ||J(a~")|| =1,J(a"") | J(a) and

J(a) - Ja ) =J(aoa ") =J(A(a)l) = A(a)]

If & is inverse preserving, then - is also inverse preserving because if J(a) and J(b) are invertible, then a
and b are invertible and

(@) - J(b)) " =(aob)] " = [(ach) ] =J(a " ob")
=Ja - Jb Y =Ja)-Jb)!

We conclude that % C &(H) is an inverse preserving COSEA with sequence product. But .% is also
an inverse preserving COSEA under the standard sequential product o. It follows from Theorem 5.19 in
[21] that J(a) - J(b) = J(a) o J(b). Hence, J: & — .% is a COSEA isomorphism. O

6 Closing Comments

A natural question the reader may ask is: “What is the relationship between contexts as discussed here
and the concept of contextuality considered in the literature [1,[19,20]?” We shall devote a few sentences
to this question and leave a more complete investigation to a future work. The notion of contextuality is
based on an ontological model for a quantum system. Such a model is described by a measurable space
(A,X) where A is the set of pure states for the system. Preparation procedures, state transformations
and measurements are defined by stochastic maps on A that satisfy certain conditions. One of the main
assumptions is that these maps combine to reproduce the experimental statistics of the system in terms
of conditional probabilities. We define preparation, transformation and measurement non-contextuality
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when these stochastic maps satisfy injectiveness properties. Our point is that the concept of contexts can
be employed to construct such ontological models by defining the stochastic maps on contexts. Con-
versely, the stochastic maps for an ontological model will have their supports precisely on the contexts
that we have defined in this paper.

Finally, we should mention that other approaches to the mathematical foundations of quantum me-
chanics have been recently explored. In particular, there have been recent efforts to provide a new
foundation for the Hilbert space framework of quantum theory [3. |4, [16]. The main difference is that
these works emphasize the role of composite systems and general transformations, while the COSEA
formalism focuses on individual systems and on transformations induced by conditioning with sharp
effects.
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