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Extended versions of the Lambek Calculus currently used in computational linguistics rely on unary
modalities to allow for the controlled application of structural rules affecting word order and phrase
structure. These controlled structural operations give rise to derivational ambiguities that are missed
by the original Lambek Calculus or its pregroup simplification. Proposals for compositional inter-
pretation of extended Lambek Calculus in the compact closed category of FVect and linear maps
have been made, but in these proposals the syntax-semantics mapping ignores the control modalities,
effectively restricting their role to the syntax. Our aim is to turn the modalities into first-class citi-
zens of the vectorial interpretation. Building on the directional density matrix semantics, we extend
the interpretation of the type system with an extra spin density matrix space. The interpretation of
proofs then results in ambiguous derivations being tensored with orthogonal spin states. Our method
introduces a way of simultaneously representing co-existing interpretations of ambiguous utterances,
and provides a uniform framework for the integration of lexical and derivational ambiguity.

1 Introduction

A cornerstone of formal semantics is Montague’s [[12] compositionality theory. Compositional inter-
pretation, in this view, is a homomorphism, a structure-preserving map that sends types and derivations
of a syntactic source logic to the corresponding semantic spaces and operations thereon. In the Dis-
CoCat framework [5] compositionality takes a surprising new turn. Montague’s abstract mathematical
view on the syntax-semantics interface is kept, but the non-committed view on lexical meaning that one
finds in formal semantics is replaced by a data-driven, distributional modelling, with finite dimensional
vector spaces and linear maps as the target for the interpretation function. More recently density ma-
trices and completely positive maps have been used to treat lexical ambiguity [17], word and sentence
entailment [2}|18]] and meaning updating [3].

Our goal in this paper is to apply the DisCoCat methodology to an extended version of the Lambek cal-
culus where structural rules affecting word order and/or phrase structure are no longer freely available,
but have to be explicitly licensed by unary control modalities, [9,/13]. In particular, we adjust the inter-
pretation homomorphism to assign appropriate semantic spaces to the modally extended type language,
and show what their effect is on the derivational semantics. We choose to use density matrices as our
interpretation spaces and show that, besides allowing for an integration of our model with other forms of
ambiguity at the lexical level, it is key to preserve information about the ambiguity at phrase level.
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The paper is structured as follows. In section [2] we recall the natural deduction rules of the simply typed
Lambek Calculus, with the associated lambda terms under the proofs-as-programs interpretation. We
extend the language with a residuated pair of unary modalities {,[J and show how these can be used to
control structural reasoning, in particular reordering (commutativity). As an illustration, we show how
the extended type logic allows us to capture derivational ambiguities that arise in Dutch relative clause
constructions. In section [3] we set up the mapping from syntactic types to semantic spaces, adding an
extra spin space to the previously used density matrix spaces. We motivate the introduction of this extra
space and relate the interpretation of the connectives in these spaces to the measurement and evolution
postulates of quantum mechanics. In section [d we show how the interpretation of the logical and struc-
tural inference rules of our extended type logic accommodates the spin space. In section [5] we make
explicit the two-level spin space that we will use to store the ambiguity in the case of Dutch relative
clauses. In section [6] we return to our example of derivational ambiguity and show how orthogonal spin
states keep track of co-existing interpretations.

2 Extended Lambek Calculus

By NL, we designate the (non-associative, non-commutative, non-unital) pure residuation logic of [[11]],
extended with a pair of unary type-forming operators ¢,[J, also forming a residuated pair. Formulas
are built over a set of atomic types .« (here s, np, n for sentences, noun phrases and common nouns
respectively) by means of a binary product e with its left and right residuals /, \, and a unary ¢ with its
residual [:

Fu=of |OF |OF | F\F | F|T | FeF.

Figure [1| gives the (sequent-style) natural deduction presentation, together with the Curry-Howard term
labellin% Judgements are of the form I' - B, with B a formula and I" a structure term with formulas at
the leaves. Antecedent structures are built according to the grammar .7 ::= % | (.- ) | (). The
binary structure-building operation (— - —) is the structural counterpart of the connective e in the formula
language. The unary structure-building operation (—) similarly is the counterpart of ¢ in the formula
language.

With term labelling added, an antecedent term " with leaves x; : Ay,...,x, : A, becomes a typing envi-
ronment giving type declarations for the variables x;. These variables constitute the parameters for the
program ¢ associated with the proof of the succedent type B. Intuitively, one can see a term-labeled proof
as an algorithm to compute a meaning ¢ of type B with parameters x; of type A;. In parsing a particular
phrase, one substitutes the meaning of the constants (i.e. words) that make up for the parameters of this
algorithm.

Notice that the term language respects the distinction between / and \: we use the ‘directional’ lambda
terms of [[19] with left versus right abstraction and application. The inference rules for [J and ¢ are
reflected in the term language by V', " (Elimination) and ”,"" (Introduction) respectively.

In addition to the logical rules for ¢ and [J, we are interested in formulating options for structural
reasoning keyed to their presence. Consider the postulates expressed by the categorical morphisms
of (I, or the corresponding inference rules of (2)) in the N.D. format of Figure [I] These represent

'We restrict to the simply typed fragment, ignoring the e operation.
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Terms:  tfui=x| Axt | Alxr | t<u|use Ve | |V |
Typing rules:
x:AI—x:AAx
I-x:AFt:B / x:A~F|—t:BI\
I'FA'x.t:B/A I'FAlxt:A\B
I'1:B/A Atu:A I'CFu:A AFt:A\B
I' A-t<u:B / I' AFu>t:B \
(D) Fi:B Ht:B 10
C+"¢:0OB (T)F"¢: OB
C-r:0B AFt:Q0A T[(x:A)]Fu:B

EO

OV 7B T[A - u[r/x] : B

Figure 1: NLO. Proofs and terms. Antecedent structure terms must be non-empty. Notation I'[A] for structure
term I" with substructure A.

controlled forms of associativity and commutativity, explicitly licensed by the presence of ¢ (or its
structural counterpart (—) in the sequent rules).

0A®(B®C) — ((A®B)®C QA®(BRC) — B® (0ARC) (1)

F[(<A1> -Az) -A3]|—[ZB Ass F[Az- (<A1> -Ag)]l—[:B
T[A) - (A -A)Fe:B % T[A) - (Ay-A3)]F<t:B

Commy,

2

Controlled forms of structural reasoning of this type have been used to model the dependencies between
question words or relative pronouns and ‘gaps’ (physically unrealized hypothetical resources) that follow
them. We illustrate with Dutch relative clauses, and refer the reader to [|15]] for a vector-based semantic
analysis. Dutch, like Japanese, has verb-final word order in embedded clauses as show in (3p) which
translates as (3p). Now consider the relative clause (3k). It has two possible interpretations, expressed
by the translations (3[d) and (3). With a typing (n\n)/(np\s) for the relative pronoun ‘die’ we can cap-
ture only the (3d) interpretation; the improved typing (n\n)/(OOnp\s) creates a derivational ambiguity
that covers both the (3d) and the (3f) interpretation, where the latter relies on the ability of the OTCnp
hypothesis to ‘jump over’ the subject by means of Commy,.

a. (ik weet dat) Bob,, Alice,, bewondertnp\(,,p\s)

b.  (Iknow that) Bob,, admires,,\y)/,, Alicen

¢. man, diey de_hond,, bijtnp\(np\s) 3)
d. man who bites the dog (= subject relativization)

e. man whom the dog bites (= object relativization)

The crucial subderivations for the (3k) example schematically rely on the following steps (working up-
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ward): \ Introduction withdraws the O(np hypothesis, ¢ Elimination followed by zero or more steps of
structural reasoning bring the hypothesis to the position where it can actually be used as a ‘regular’ np,
thanks to the (J Elimination proof of ((Onp) - np. The derived rule (xleft) in (4)) telescopes this sequence
of inference steps into a one-step inference, allowing for a succinct representation of the derivations.

z:0OAFz:OA

(z:OA)FVz:A EO

F[(z:DA>:~A]I—t:B

[y — )

: [y:AFy:A]

x:Q0AFx: O0A (z:0A) -T[A]-<"t: B
x:O0A - T[A] - <"t[Vx/z] : B n

TJA] - Alx."t[Vx /2] : OOA\B

(Assg,Commy, )"
EQ

F[y:A-.A} Fe:B
CJA] - Alx."t[YWx/y] : OCIA\B

[xleft]"

Here abbreviate the repeated application of the controlled commutativity rule on a single formula using
the index n, where it serves a double purpose: indexing the hypothesis that will be extracted, and quanti-
fying how many times the commutativity rule must be applied to licence this extraction. The proof term
"t results from the nth application of this rule to the proof with conclusion term ¢, inductively defined
with 't = ¢ and "'t = ¢(c™).

Using our compiled inference rule, here are the derivations of both relativization readings, to be compared
with those with the full uncompiled derivation in Appendix [A] On the proof of the subject relativization
reading (3[d), at the axioms, we show the constants (words) that will be substituted for the parameters of
the proof term for the derivation. Also, in the structure terms on the left of the turnstile, we use these
words instead of the parameter-type pairs to enhance legibility. This derivation uses the (¢[Inp hypothesis
as the subject of the relative clause body; it simply relies on ¢ and [J Elimination, and doesn’t involve
structural reasoning.

_de ¢ hond
xoinp/n s yoin 't bijt
de-hond F (xp<ys) :np 2 :np\(np\s) \E]
[ Fx:npl® (de-hond) - bijtk ((x2<y2)>22) :np\s \E]
die , _ - ((de-hond) - bijt) - (x> ((x2<y2)>22)) : 8 (lefi]”
W (n\n)/($Onp\s) = (de-hond)-bijt - Alx,. < (YWx; > ((x2<4y2) 5 22)) : SOnps UE]
yorn ¢ die- ((de - hond) - bijt) F (z0<Alx. (YWxy > (k2 <y2) b 22))) i\

\E]

man - (die - ((de - hond) - bijt)) F (yoi> (z0 <4 A< (VWxy b (2 9y2) 5 22)))) i

The index O in the rule xleft connects to the indexing of the hypothesis, reflecting that the hypothesis was
already at the leftmost position. Therefore, no control rule is in need to be used. Contrast this with the
derivation of the (3¢) object relativization interpretation. In this case the OClnp hypothesis is manoeuvred
to the direct object position in the relative clause body thanks to the controlled commutativity option,
used once as indicated by the index 1 in the xleft rule:
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_de, hond _ bt
xinp/n” yyint E] [_Fx:np]' z:np\(np\s) \E|
de-hond F (x, <ys) :np _ - bijtk (x>z) 1np\s \E]
die (de-hond)- (_, -bijt) F (xp<ay2) > (x>22) 1 8 (xlefi!
U & (n\n)/(O0Onp\s) ¢ (de - hond) - bijt - Alx; ¢ ((xa<y2) > (YWxy b22)) : OOnp\s E]

Yo:n ¢ die - ((de . hOl’ld) . bijt) F (Z() <IAIX1 .C] ((Xz <1y2) > (Vuxl DZz))) . n\n
man - (dle . ((de . hond) . bl_]t)) F (y()l> (Z() <1A/X1 .C] ((XZ <1y2) > (\/le DZQ)))) n

[\E]

Our aim in the following sections is to provide a compositional interpretation of the control operators
and the structural reasoning licensed by them that allows us to simultaneously represent the co-existing
interpretations of ambiguous utterances such as (3f).

3 Interpretation Spaces

Let us turn to the action of the interpretation homomorphism on the types of our extended Lambek
calculus. In the approach introduced in [6]], types are sent to density matrix spaces. These spaces are
set up in a directionality-sensitive way, keeping in the semantics the distinction between left- or right-
looking implications. Starting from the vector space V and its dual V*, we use a modified Dirac notation

} and

-/

to distinguish between two sets of basis of V, {|,)} and {|/}}, and two sets of basis of V*, {</
{(i|}, obeying the orthogonality conditions

(ilr) =dis, <j,

where a metric function d accounts for the eventual non-orthogonality between basis elements, and the
Kronecker & function defines the the relationship between dual basis elements. In general, the basis
vector <f'| is obtained by the conjugate transposition of ’f > When the basis is not orthogonal, this

Nedi, (Jy=6, ad (I]})=4§

operation does not render the dual basis vector of <j,’ (which by definition is orthogonal to it and in

our notation is represented by |7)), but another vector }j > that requires the metric tensor to describe
this relationship. Compare this with the case with only one set of basis for each space, obtained in the
standard way: <f/‘ coincides with |) so that all basis vectors are orthogonal to each other, and the metric
is just &

The basic building block for the interpretations is the density matrix space V =V @ V*. This space
has density matrices as elements, which we will use as the starting representations of words, instead of
vectors. Density matrices are 1) positive operators with 2) trace normalized to 1 [[16]. In a physical
system, this means that we can not only access the quantum properties of states, expressed as a linear
combination of basis states of V or V*, but we can also include the classical properties of a state, by
constructing a basis of V and describing the states as any linear combination formed with these basis
elements that obeys conditions 1) and 2). Because the range of representations is enlarged, their use has
been proposed for linguistic applications [2}3}17,/18]], which we expand on here focusing on including
the directionality of the calculus in this distributional representation. Defining the basis of V and V* as
we did before, we are able to construct a non-trivial basis for the density matrix space that carries over
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the structure of duality. For this space, we choose the basis formed by |;) tensored with (;|, E = {|;) (#|}.
We define the dual density matrix space V* =V @ V* and assign to the dual basis of this space the map

that takes each basis element of V and returns a scalar. That basis is formed by <j ! tensored with ‘jl>,

o~

j/> <j ‘ } , and is applied on the basis vectors of V via the trace operation

w0 (7)) -0

The composite spaces are formed via the binary operation ® (tensor product) and the unary operation
()* (dual functor) that sends the elements of a density matrix basis to its dual basis, using the metric
tensor. In the notation, we use A for density matrix spaces (basic or compound), and p, or subscripted
Px;Py,Pzy--- € A for elements of such spaces. The ()* operation is involutive; it interacts with the tensor
product as (A ® B)* = B* ® A* and acts as identity on matrix multiplication.

xuns )

The homomorphism that sends syntactic types to semantic spaces is the map [.|. For primitive types it
acts as

'51=5 and [np] = [n] =4,
with S the vector space for sentence meanings, N the space for nominal expressions (common nouns, full
noun phrases). For compound types we have

[A/B] = [A]®[B]" and [A\B]=[A]"®[B].

This can be seen as an operational interpretation of formulae: a dualizing functor acting on one of the
types, followed by a tensor product, also a functor, are identified with particular operations on elements,
specifically by multiplying with the elements of a metric or by taking the trace ﬂ

3.1 Translation of unary modalities

We now turn to how to send the formulae decorated with unary modalities to semantic spaces, in a way
that stays in this functorial/operational framework. Recall that in earlier work [[14}/15] modally marked
formulae are interpreted in the same space as their undecorated versions, i.e. [QA] = [LA] = [A].

To build a non-trivial interpretation of the unary connectives, we expand the interpretation space using
the description of quantum states, distinguishing between their spatial and spin degrees of freedom. Let
the [.] homomorphism give a description of the spatial components, encoding the numerically extracted
distributional data. In addition to the spatial component, and commuting freely with the spatial parts,
we introduce a new vector space, a density matrix space &, with dimension (N+1) x (N + 1), where N
the maximum value of index n in the xleft rule of eq.()), where the spin components are encoded. We
denote this by the N-level spin space. Here we do nftot distinguish between covariant and contravariant
components, making the standard Dirac notation the appropriate one to deal with this space. Accordingly,
the basis is orthonormal and has elements in {|a) (|}, with the values of a and «’ ranging from 0 to N.

To obtain the full translation from syntactic types to their distributional interpretation spaces, we intro-
duce an extended interpretation homomorphism that tensors the [-] interpretation of all types with a

2Equivalentely, in a categorical distributional framework this corresponds to establishing a basis and taking either tensor
contraction or multiplication as the operations that represent the 17 and € maps at the element level.
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density matrix space G resulting in

Al =[A]©6. (6)

For atoms and slash types, || stays as defined. For QA and [JA, we tensor [A] with & ® G*, the type for
the matrix representation of the operators associated with ¢ and [, that is,

[0A] = [0A] = [A] © 6 ®&". (7

The key idea here is that by tensoring every type with an extra spin space via |-|, the marked types
have representations that encode maps from & to & coming from [-]. This justifies the use of the same
spin space to interpret the two markers, as they act as endomorphisms on the & space coming from
[-], as in for lozenge |QA] = [OA] ® & and similarly for box. At the type level, then, we find the
structure to accommodate the operators T, T € £ (&), for which the concrete distinct interpretations
will then be provided at the ferm level. The key point of this structure is to give us precise control over
the spin space as we interpret the unary modalities. Note that our connectives’ interpretations do not
interfere either with the distributional data that is stored in the spacial spaces, which is compatible with
the interpretation of these connectives in previous work [14,|15]]. The interpretations we assign to the
unary connectives consist of operations that only modify elements of an ancillary space. By enlarging
the distributional space with this new spin space, we can effectivelly find a distributional meaning for the
unary connectives.

As an example, here is the |-| mapping for the relative pronoun type of ).

L(n\n)/(O0Inp\s)| = [(n\n)/(00np\s)| @ &

=n"@n[s]"@[np|2(6ER6"R (666 (8)
T T

4 Operational Interpretation of Lambek Rules

Given the new semantic spaces for the syntactic types, we now turn to the interpretation of the syntactic
derivations, as encoded by their lambda proof terms, proving the soundness of the calculus presented in
section [2] with respect to the semantics of section[3] In spin space, the operations that interpret different
syntactic maps relate with the quantum postulates describing measurement and evolution of quantum
systems [16].

Quantum measurement: Quantum measurements are described by a collection M, of measurement
operators, acting on the state space of the system being measured. The index a refers to the measurement
outcomes that may occur in the experiment. If the state of the quantum system is p immediately before
the measurement then the probability that result a occurs is given by p(a) = Tr (MZMap) and the state
of the system after the measurement is

M,pM

= . 9
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The measurement operators satisfy the completeness equation, Y, M M,, = I. For an observable M with
eigenvalues m and eigenvectors |a), a projective measurement is defined with M, = |a) (a|; in this context
we say that a state has been projected onto |a) (a|, and the quantum operator is then called a projector.

Evolution The evolution of a closed quantum system is described by a unitary transformation. That is,
the state p’ of the system at time ¢; is related to state p’*! of the system at time #,, | by a unitary operator
U which depends only on these times. The state p'*! relates with the previous one p’ by p/*! = Up'U™.

This correspondence is established via a function [-], that associates each term 7 of type A with a semantic
value, i.e. an element of [A], the semantic space where meanings of type A live. For proof terms, [.] is
defined relative to an assignment function g, that provides a semantic value for the basic building blocks,
viz. the variables that label the axiom leaves of a proof, in this case independently for the spatial (§) and
spin (&) components. A particular assignment gf_kk, is used to interpret the lambda abstraction in the
spatial spaces:

Definition 4.1. Given a variable x of type A, we write gi w for the assignment exactly like g° except for
the variable x, which takes the value of the basis element of the interpreting space ‘ k> A7 (k|-

The elements of the spin space are given by

n—1
pe =Y Xula)(d| (10)
0

a,a’ =

A pair of special assignment functions gS, and gfy is used to interpret the lambda abstraction in the spin
space:

Definition 4.2. Given a variable x of type A, we write gf?, for the assignment exactly like g© except for
the variable x, which takes the value of the normalized identity, I = ¥, 5 |a) & (al.

Definition 4.3. Given a variable x of type A, we write gxejy for the assignment exactly like g© except for
the variable x, which takes the value of variable y, also of type A.

The spatial interpretation of terms of types formed with binary connectives is as given in [6]. We re-
produce here the main results, but focus on their interpretation in spin space. Further, we introduce the
interpretation of the rules that introduce and eliminate unary connectives.

Some elimination rules will be interpreted in spin space using an instance of a projective measurement.
Given a term u of type A and another term 7 of type B, we define a map [1'] o * [u’],6 : G x & = &
acting on the interpretation of the terms in spin space:

(1,0) " [ (1], )
Tre <([[MB]]£@) LI (1],0) )

, | . 1 I o

with (.)2 such that when applied on an operator R we have that (R)2 - (R)2 = R. Positive operators, such
as density matrices, have a unique positive square root [[1]]. Physically, the spin split in its square-root acts
as a measurement operator on the other input spin. Using normalization, the outcome is a well defined

[[IA]]ge * [[uB]]ge =

1D
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spin state. An unnormalized version of this operator is defined in [’} An unnormalized version of this
map is defined as the "phaser” in Coecke and Meichanetzidis 3.

4.1 Axiom

The axiom will be given by an element of the spatial spaces, tensored with an element of the spin space.

[], =2 =p = [*] s © [¥'] o (12)
where
[ = X Xar ) o (/| and - [] 5 = 12X 13) 1 (13)

4.2 Introduction and elimination of binary connectives

Elimination of / and \

[(Mu)B]]g = Trpa ([{tB/Aﬂ o [[MA]]gS> ® [[tB/A]]ge * [[uA]]ge,. (14)

[(ubt)B]]g = Trra (H“A]]gs' [[IA\BH g3> ® [[tA\B]]ge * [[uA]]ge,. (15)

Introduction of / and \

[arxn®] =y ([[IB]]giW ® ]k> W<k\> &[] s - (16)

g kk/

|[<7le.t>A\Bﬂ -y (’k> (e [[tB]]giw) @[], (17)

g kk!

Syntactic equalities like beta reduction are interpreted as equalities in this model, as is shown in appendix
D

3This a generalization of one of the Frobenius algebras already used in [2] in the category CPM(FHilb), where, given
the full density matrix representations of sentence, noun and verb, respectively p(s), p(n) and p, they relate by p(s) =

p(n)2p(v)p(n)?.
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4.3 Introduction and elimination of unary connectives

As seen earlier in the example of eq.(§), at the term level the diamond introduction is interpreted by the
map T, and box introduction is interpreted by the map 7, both consisting of maps & — &. Two more
operations need to be introduced, namely those that eliminate box, Té, and that eliminate diamond 77¢.
Since these are the maps applied in our proof, we next give their explicit form.

The operation 7, acting on elements of G is the linear combination of projectors T/ onto pure states
used as projectors M, = |a) s(a|, generated by the eigenstates of an observable with N + 1 different
eigenvalues, specified for a particular unary modality, indexed by a € {0,...,N}. Applied on a state p&,
the general result is the following mixed state

1S TN S Y MpSM,
Th(py) = ;)CGTD (o) = ;)Ca@x *|a) g{al) = ;)Ca Tr(MypSM,) ) (18)

with Zi,v:() ca = 1, ¢, € R. Defining the ordering of the eigenstates by the increasing value of their
corresponding index a, rule Eg will be interpreted in the spin components as the projection onto the
lowest eigenstate, effectively with co = 1 and ¢ o = 0.

The operation Té acts on elements by performing a unitary transformation, generated by the successive
application of matrices Uy = 1 and U, € SU(N + 1) on density matrices, for b € {1,...,N> + 2N},
represented as Téb, for a particular representation and ordering. Again applied to the state pS, the
application of this operation is

(Téb (pf))db _ { Ubgng; EZ}; i(l) (19)

[(p® IN*42N [ 7IN*+2N—1 0 ()% A2 on -1 dy2 oy
1h8) = (1 (1ot (2 (08))")) o0

where ()" indicates hermitian conjugation and dj, € {0, l}ﬂ The rule E,, is thus interpreted as performing
a unitary transformation, using that dp = 1 and dj,o # 0.

In the particular case where we interpret the introduction of a connective with the same operation of its
connective, that is Tg = Té and T, = T{,, the adjoint properties of the unary connectives are preserved.
The implications ¢[JA — A — [JOA are interpreted on space G as

T, (T (8)) € & € T (T (8)).

In the first inclusion we have a unitary transformation followed by a projection, which is inside the inter-
pretation space of the state, the entire Bloch sphere. For second inclusion, any state inside of the Bloch
sphere is inside the scope of projections followed by a unitary transformation. This is a consequence of
the non-commutativity of the operations that interpret these connectives, measurement and evolution.

Elimination of (:  [(V7)?], = [{"%] s @ T ([*] s )

“Eq. can possibly be extended with permutations over the order of application of T<’>b.
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Elimination of {:

rlge =78 (1], ) @1

ol =t ([ EH) (ol oWl e
Introduction of (] and :
[[(At)DB]]g = [*] 5 ® T3 ([*]s) » H(“t)QBﬂ - [Pl @ TS ([1°]e) (23)

4.4 Structural Reasoning

To interpret the derived infererence rule, a raising operator S acts on the input state and is applied
as many times as nodes that need to be jumped to be in the right position to be extracted. We record
that information by an index m on the substitution brackets of the proof term encoding the (xleft) in-
ference. The index acts as a power on the raising operator, (S )™, changing a state p, = |a) (a| to
Pa+m = |a+m) & (a+m|, where we use the convention that a matrix to the zeroth power is the identity
matrix. Note that this is not a unitary operator, which means that the resulting state must be normalized
after the application. Additionally the derived inference rule is interpreted using the previously given
interpretations of [1 and ¢.

Derived Inference Rule

[xleft]": Premise t® with subterm y at location n; conclusion (A'x. (C"t)B [VUx/y])OHANE:
Al 7010 OUA
[ ﬂgG =7 <TD <[[x ﬂge)) (24)

[, (1) [y 09 =
=) l/>w<l‘® Trra (onmﬂgs.z

L kk'
(5" T, ((59))] .

Trg ([(S+)n [[IB]]gfvux <(S+)T)n} 8)?1)

kl> A7 <k’ ® HtBH%Sxkk’)]

8t

®

(25)
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Here we can see clearly the physical meaning that the quantum interpretation gives to the application of
the modal operators. In eq., the combination of application of Téo and T, interpreted as a projection
and a unitary operation, respectively, takes the form of one of the possible outcomes of the quantum
process E = PU [16], applied on the state [[xODA]]gG, namely the one where the final state is (0] |0).
Having the unary connectives interpreted with the non-commutative operations of projection and unitary
transformation correctly preserves the order of application of the connectives imposed at the syntactic
level. The derivation of this interpretation from the extended version of xleft rule is explored in Appendix
Bl

5 Two-level spin space

The structural ambiguity at hand will be treated using a two-level spin space, since we have two am-
biguous readings. This space is used to encode spin states of fermionic particles, with spin 1/2, such as
electrons and protons. A helpful geometric visualization of the states in this space is the Bloch sphere,

in fig. 2

Figure 2: Bloch sphere representation of a two-level quantum state, also called a qubit. The general form of a
state on the surface is |¥) = (cos% |0) + € sing |1)) €. The global phase e'? is not represented because it has
no effect on the density matrix. A product of states ""*p® = |¥) (| is called a pure state, represented on the
surface of the sphere. Otherwise the states are called mixed states and live inside of the sphere.

To interpret the action of the unary connectives in the spin space, we suppose that the particles with spin,
our words in this case, are subjected to a uniform magnetic field pointing in the z direction. Using natural

units, let
1/1 0
&_2Q)—J

be the spin operator in the z direction. The eigenvectors of this operator are the orthogonal states |0) =
(0,1)T and |1) = (1,0)T, using the standard matrix representation. On the Bloch sphere, these states
correspond to the north and south poles, respectively. The corresponding eigenvalues are eg = —1/2 and
e; = 1/2. This is the operator that we will use to interpret our unary modality. Thus 7, is the set formed
by linear combinations of states py = |0) (0| and p; = |1) (1|, the states that lie on the z-axis inside
the Bloch sphere.

To interpret controlled commutativity, we use the raising operator is

. 0 1
S+:Sx+lSy:<O 0>

Once applied on py the result is p;, and a further application has a null result. Note that, together with
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with the lowering operator
. 00
S_:Sx—lSy:<1 0),

it obeys the completeness relation S, (S4 )" +S_(S_)" =1.

6 Going Dutch again
To illustrate the interpretation process, we return to our Dutch relative clause example "man die de hond
bijt", and show how we handle the derivational ambiguity. The lexicon below has the syntactic type

assignments and the corresponding semantic spaces:

‘ syn type A ‘ |A]

man’ n N®G,
die’ | (n\n)/(O0np\s) | N* NS oN® (606" (626%) 26,
de hond’ np N®G,
bijt’ np\np\s NN ®2S®6.

In order to compute the interpretations given by the two above derivations, we start from the following
primitive interpretations:

[man*"]; = Z M’ 1) [N] (] ®° My [i) @<i/ ) (26)

rr it

die? )/ OTmP\) ], Sp [k | @S Dl gl @D

[[ ]]1 kk/’ll/’%gnn'ﬁ/ Kkm'm | 1 n> (N]*@(N]@((S]*@(N])< ' n | >b< |

[[de hond’”p]]l = Z SHjj/ ‘j>ﬂl<j/ ®6 H,‘,‘/ |l> 6<i/ s (28)
Jit

b--t,np\np\s — SB qq, 0/]7/ > <op , 6 Bil" ] ! . 29

[b4 = L ) praprors\ 0| B o (7] @

do,p'p
00’ ,pp'.qq i

To obtain the correct contractions in the spatial components, that are related either to the subject or object
relativization readings, the role of the hypothesis x is crucial: interpreted as in eq.(I3)), it contracts with
the interpretation of "bijt" as the interpretations of the slash elimination rules prescribe, either in subject
or object position. Its most important role is in the latter, blocking "de hond" from taking the immediate
object position contraction. After that, variable x is extracted using the xleft rule, in a way that keeps all
the other contractions unchanged, and keeping the right form such that "die" can contract in the correct
position. This process is worked out in Appendix [C.1]

With respect to the spin components, the goal is that a pure state is preserved as it interacts with other
spin states via slash elimination. As the hypothesis of type ¢Ulnp is abstracted over, it attains the value
of the identity matrix, onto which the box and diamond eliminations are applied, projecting it to the pg
state. If the controlled commutativity rule is is applied, the raising operator brings this pure state to the
orthogonal pure state p;. In this way, each of the two readings is stored in one of orthogonal eigenstates
of the S, operator, which are necessarily pure states. As they interact with "man" using the (.) * (.) map,
we predict that the final spin states will remain pure, using the result of Lemma 4.1 on the phaser in
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Coecke and Meichanetzidis [3]], since the spin state that represents "man" interacts with a pure state in
argument position. The full calculations are shown in Appendix [C.2]

The relative clause of the first reading has the interpretation

[die_de_hond_bijt’]} = Y ol SHISB,,

rm'm J'jn'n

) (el @10} 0, (30)

rr! A jj smm’ nn’

while for the second reading the interpretation is it is

[die_de_hond_bijt']}= Y Sptmm Sgi/ S,

r'rm'm n'n,j j

Dwlesl. G

rr' I, j j'mm’ .nn'

Man Die De Hond Bijt
n (n\n)/(00np\s) np np\(np\s)
N N*N §* N N N*N* §

N

Figure 3: Representation of spatial contractions corresponding to the subject relativization reading of "man die de
hond bijt", according to eq.(30).

Die De Hond Bijt
(n\n)/(00np\s) np np\ (np\s)
N N*N S* N N N*N* §

Figure 4: Representation of contractions corresponding to the object relativization reading of "man die de hond
bijt", according to eq.(31).

The final interpretation of the ambiguous phrase is given by the direct sum of the two unambiguous
interpretations, weighted by parameters p; and p, that express the likelihood of each reading:

[man_die_de_hond_bijt]; = pi[man_die_de_hond_bijt]} ® p,[man_die_de_hond_bijt]3. (32)
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7 Discussion and Conclusion

In this paper we extended the interpretation space with a spin degree of freedom, showing how that can
preserve extra information about the proof. We showed how interpreting the meanings of words directly
as density matrices introduces a framework that can be used to encode higher-level content. This was
done by interpreting the unary connectives as quantum operations in the spin space, such the information
about the readings is preserved via a quantum process. When more than two ambiguous readings are
possible, it constitutes future work to show that our framework can be extended by using a larger spin
space and an appropriate raising operator. Besides its usefulness to deal with ambiguity, in future work
we want also to study how the spin degree of freedom is suitable to distinguish the representations of
marked types in a multimodal setting, possibly by associating them with eigenstates of different opera-
tors. While in this work the spin degree of freedom plays no bigger role than an extra two-dimensional
degree of freedom, when going to a multimodal setting the interactions between the different spin eigen-
vectors will have quantum properties due to the non-commutativity of the operators. Interesting too is
to relate our approach, where lambda terms are directly interpreted using elements and operations over
them, with Kripke frames on vector spaces [7]], defining the valuation sets with the accessibility relations
that translate into our operations, unveiling a stronger connection with the logic of residuation. Also
relevant would be to compare our take on interpreting certain logic connectives using quantum mechan-
ical operations with the mirror field of quantum logic [4] that aims at interpreting quantum mechanics
using logic tool, particularly modal logic [4] which is at the root of our unary connectives, where too
an association between projections and the logic of possibility (¢ in our notation) is suggested. Finally,
further research will have to show how the probability coefficients can be extracted from derivational
data, and whether it is possible to go from the subject relativization reading to the object relativization
reading applying only permutation operators as is done in [|6] for syntactic ambiguities and, in that case,
what is precisely the connection with the derivation. Other interesting questions relate to finding the ap-
propriate categorical interpretation of the spin space and operations that take place there, further helping
us to relate our interpretation of control modalities with other logical operators that are also syntactic but
do affect the meaning of a sentence, such as negation or quantification, but these are outside the scope of
the present paper.
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A Complete proof trees for Dutch relativization clauses

A.1 Subject Relativization

de  , hond
xp:np/n yoin

bijt

[/E]

[ Fz:Onp)? de-hond F (x,< y,) :np 2 :np\(np\s) ¢
(L)YFVYziinp [CE] (de-hond) - bijt = ((x2< y2)>22) : np\s E[\E]
[ Fx :O0np]! () ((de-hond) - bijt) F (Vz; > ((x2< y2)>22)) i s OEP (\E]
die ' - ((de-hond) - bijt) = (VWx; > ((x2< y2)z2)) 1 s Vi
man 20 : (n\n)/(G0Onp\s) (de-hond) - bijt = Ax;.(VYx; > ((x2< y2) b 22)) : OOnp\s JE]
yorn t die- ((de-hond) - bijt) F (z0 < Ax1.(YWxi > (29 y2)>22))) 1 n\n
man - (die- ((de- hond) - bijt)) = (yor> (z0 <Ax1. (Vx> ((x2< y2)>22)))) i n M\E]
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A.2 Object Relativization

de hond (o Fzi:Onp)? bijt

SR L AR S LYY e o\ ) "
de-hond F- (x,<y7) : np () -bijtE (Vz1>22) s np\s £]
(de-hond) - ({_)-bijt) - ((xa<y2)>(Yz1>22)) 0 s c [\
[ Fxi: O0np)! ()~ ((de-hond) -bijt) F ((raay2)5 ("2152)) o5 | ‘ZZ"O]
die ' . - ((de-hond) - bijt) F ((x2 <y2) > (VWxi>z2)) o s ! [OE]
man z0: (n\n)/(G0np\s) (de-hond) - bijt - Ax;.((x2<ay2) > (VWx1 > 22)) : OOnp\s JE]
Yo:n t die - ((de - hond) - bijt) F (zo < Ax1.((x2<y2) > (VWx1>22))) 1 n\n 0]

man - (die- ((de-hond) - bijt)) = (yo> (z0 9 Ax1.((x2<y2) > (YWx1522)))) 1 n

A.3 Formal semantics of relative pronouns

To obtain the usual ‘formal semantics’ terms, one substitutes for the parameter zg the lexical program for
the word ‘die’:
DIE = AxAyAz.((y 2) A (x ""2))

which then, after B conversion and cap-cup and wedge-vee cancellation, reduces to

Az.((MAN z) A ((BUT (DE HOND)) z))  (subject reading)

Az.((MAN 2) A ((BUUT z) (DE HOND)))  (object reading)

B Interpretation of extended [xleft|" rule

To arrive at the interpretation of the xleft rule, we compose the interpretations of the rules that it abre-
viates, explicit on the left part of 4} Additionally to the interpretations of E, Ey and 1\, we only need
to provide the interpretation for Ass, and Commy,. Strucutral rules do not affect systematically the pro-
gramme encoded by the associated lambda term. Howver, in this paper we go beyond the "bag of words"
view and introduce a specification in the lambda term that results from the Comm,, rule:

F[Az . (<A1> . A3)] Ft:B
F[<A1> . (Az . A3)] F¢t:B

Commy,

(33)

The interpretation of Commy is as follows:

[0 = ["1gs @ St ([]e) (S4)°,

with S the raising operator in the interpreting space, according to the discussion in sec. 4] If it is
applied n times successively , it is takes the form and respective interpretation

ﬂ(cnt)Bﬂ _ [[fB]]gs ®(S,)" ([[tBﬂgG) ((S+)T)n'
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This extends naturally to the case when the Commy, rule is never applied, in which case n = 0, where we
have that (S, )° = 1.

In what follows we take the necessary steps to arrive at the interpretation of term A’x.¢'t[“x/z] in spin
space. First, we interpret the application of Commy,:

() Para] =01/ e (65207

gb

Then we expand on the interpretation of E:

B
[(x/2) e = [l
which means that
()Mo =T (17 ) o (34)
will replace [z-] inside of ¢, appearing here already as the result of the application of Eq:

[(2) ]ge = T2 ([]e)

Finally, abstracting over variable x is interpreted as

[A'%. 1 x/2]lge = [71]"x/2]]

such that the only instance of x has its interpretation subsituted by the indentity, namely in eq.(34).
Putting all these elements together and normalizing, we arrive at the interpretation in eq.(25).

S
8xI ’

C Concrete interpretation of relative clauses

The derivations in Q] have a final term that depends on the variables yy, zo, X2, 2 o and x;. The latter is
a bound variable (as well as the intermediate variable x), due to the lambda abstraction, and the former
are free variables. Bound variables can be substituted by any free variable during the derivation, via beta
reduction, and will take the value of that variable, contrasting with free variables that will be substituted
by constants, and interpreted accordingly. An assignment function g assigns bound variables to a later-to-
be-defined constant, and assigns free variables to specific constants, here our words. In our assignment,
taken as an example, the assignment function gives g(yo) = man’ but g(x;) remain in this form, until x; is
substituted by a free variable. Alternatively we can represent the free variables as bound variables using
a lambda abstraction, applied on a constant: Ayq.yo(man') — man'.

Looking at the interpretation of any variable stated in the interpretation of the axiom rule in eq.(I3))
and comparing with the interpretation of the constants in eqs.(26) to (29), we note that both represent
the density matrix entries in a symbolic form, where we can apply directly operations like trace and
matrix multiplication in the spatial components, or spin operators in the spin components. This permits
that, when we perform these calculation step by step using each rule, we can perform them directly on
the symbolic representations of interpretations of constants, in eqs.(26) to (29), as well as of variables
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that naturaly take the same form as states in eq.(I3)), since it can potentially take the value of any other
constant.

Therefore, one can impose an assignment that will interpret our particular Dutch relative clause "man die
de hond bijt" g that instantiates the free variables like so:

[(x2<y2)], = [de_hond*""];, (35)
[(22)] = [oije ™" T, (36)
[z0]s = [[die’(”\)/("p\s)ﬂ,, (37)
[yollg = [man™"]; (38)

and instantiates the bound variable x according to eq.(13).

Substituting these directly in the derivations, we can, step by step, arrive at the final different readings.
In what follows we give a full breakdown of these steps, splitting between spatial and spin components,
and between subject and object relativization.

C.1 Interpretationsin |.]|:
C.1.1 Subject Relativization

The interpretation of this derivation starts by making use of the interpretation of E\ as given in eq.@,
substituting the variables by the assigned constants as described above.

[(x29y2) > 22]lgs = Try ([(x2 <y2)]s - [22]l5)

1 TIPS W WA (o,
(jj' N 00 ,pp'qq' o'o,p'p 1/ N eINTels]\ 9
SyJJ'S qq' |p' p
— H//SB,. 4| > < ,‘ 39
J J,Pp'p q [N}*@[S—‘ q ( )

jipr’.qd

Then we use again eq.(I5]) and the interpret the variable x using axiom rule as in eq.(13).

)

To use the xleft rule, we first interpret the previous term in the assignment gf ;> as described in Def
recalculating the previous interpretation using the basis of its interpretation space instead of eq.(I3)).

[ (x2ay2) > 22)] g5 = Ty ([ gs - [(x2 232) > 22 5)

o Sxci [\ (1. Syyjj'S qq |p' p

o (Z Xalel L, B B,-/,-,,,/,,‘ q>w1*® m< ¢
JJ PP 99

_ Swrii' Syrjj'S qq’
B - Z/ / X H Bj/j’i/i (1> ’—S-‘ <(]/
i',jJ',qq

(40)
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e (2 ay2)p )]s =Trg (10 (] [0 932) b 22l )

Iy
= Z SHHSB]]Z’I 4> <
ii'ad

(41)

We simplify the spatial interpretation of xleft as given in eq.(23), using that x and y are interpreted both
interpreted in [A], since [OLJA| = [A]:
0
LA % e[/ y) PP s =

-y l’>w<l]® Trpa] (onmﬂgs';’)k/> < |©1°] Skk’)]gs

mw
X

=2|") o (e T <|z>m (vl -%\"} (el )

m

:Zl> <’®|I 11/ @

mw

Using this simplified form, we see that multiplying with the dual basis of the space that interprets both x
and x; results in an expression that will take any value of a variable of that type, precisely the goal of the
lambda abstraction.

0

[ALer 1 (“xy b (129y2) 022)) s = ;)l> m*< |® x> (v2932) > 22)]

_Z > <l‘® Z SHUSBJJI’I >[S"<q/

mw ii'ad
= Y SHYSB,
w.jj.aq

Il/

7' " 43)

‘/> [N]*®TS] <qu

To finalize, the next two steps consist in the application of the interpretations of E; in eq.@ and E\
(eqlI5), respectively, resulting in the spatial part of eq.

[zo A % Ct(YWxy > ((x2 ay2) >22))]gs = Trs (TI'N ([[ZO]]gs.[[klxl.cot(wm > ((x2<ay2) Dzz))]]g5>>

AL Y
kk' tt' mm’ ;nn’
S 'S 14 !
/5B, ., ) > < )
pirt' ) pors \ o

k/t> [N]*®[N] <k"

K m'

km}
tn

t'n

> [NW*®[NW®((SW*®[NW)<

,jj'.qq

_ Sty 1 nn'Syyjji'S
- Z Dk’kmm H Bjjnn

(44)

kk' tt' mm’ .nn' j j'
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[y0> (20 92 x1. 1 (i (k2 932) 22D s = Tr (Dols - [0 92511 i (52 932)822) )

k,’> [N]*®[N] <k" }>

= Z SM” SDr trtm }117;1 SHH SB] jn'n > [N] <t’| (45)

rr’ tt' . mm! .nn' ,jj'

rr’
Tr]V (ZSM |V> [N] <r’| ’ Z Sl)k’klmrrl:l1 SH“ SB] "jn'n

rr’ kk' tt' mm/ .nn' | jj'

= [man_die_de_hond_bijt’] s (46)

C.1.2 Object relativization

This derivation is very similar to the previous, except that on the first application of E\ the bound variable

x is introduced as the argument of z;, and only on the next application of the rule is (x, <y;) taken as an
argument.

[[xDZzﬂgs =Trg ([[x]]gs . [[Zzﬂgs)

— - Syit’ |\ L .. S o'y op
= TrN (; X ’1>N<l | o pzp,ﬂq Bgopp pq> |—N“*®|—N“*®]—S-‘< q )
— SXll SB p / .
ii’,]§’7qq fir'y ‘ q>(N]*®m< q 47)
[e2 ay2)e (60 22) s = Tryy ([0e2 932) s - > 22]s) = Ty ([v2 a32)ls - Try (Bl - [22]s))
o <jj’ Tidets i po:’qq X8 "> V) @s] <p v )
= Y SHISXY By, i \ > <q | 48)

Jihit'aq

Note at this point that, due to changing the ordering of contraction, when compared with the subject
relativization reading, the matrix indices are contracted differently from eq40] We see now what the role
of the hypotheses x is: to block (x>y;) from contracting inevitably as the first argument of z,. Now that
the contraction is in line with what we want for an object relativization reading, we will extract variable
x via xleft. To do that, we first reinterpret the previous term using the assignment gf_ ,p- To substitute the

interpretation of x by that of its basis elements we need to go further into de proof, when compared with
the subject relativization reading.
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[(x29y2)> (m)ﬂggﬂ, = Tr (L2 av2)ls - Try (10 a0 T2l ))

= 7 N aq' |p' p

=Try (H p}gq Biipp > mw*@m< ¢ )

= /Z /SHjj,SBl’l]] ‘ > <q | (49)
ji'aq

The following steps are as before, with the final result referring to eq[31]

1

[ < () (V1 0.22)) s = ; ") L@l ay)> (o)l

_Z‘l,> <1| ® Z SH”SBI’IH >(S]<q’

w ii'ad

— m%qq Sgiv SB,, ! " ‘l/q> - <qu‘ 1)

Il’

(50)

1 1
[[Z() <lllx1.c t((x2 ng) > (\/le [>Z2))]]gs = TI'§ (TI'N (IIZQ]]gS.Hklxl.C t((x2 <1y2) > (\/le I>Z2))]]gs>)
= Trg (TrN ( Z Sp, i
kk' tt' ;mm’ ;nn’

SH//B, ¢ )llq> [N]*®[S] <1q}>>

klt> [NT*®[N] <kt’

K m'
tn

> <’“,“ |
INV'e[Ne([seN)\ © "

w,jj'qq

_ Sty ' nn'Syyii’S mm’
- Z Dk’km/m H Bnn]]

(52)

kk' 1t ;mm’ .nn’ | j j'

[yor (zodllxl.clt((xz ay2) > (Yx1>22)))]s = Try ([[yo]]gs . [[z()<17tlx1.clt((x2 ayy) e (VVx Dzz))]]gs>

— TI'N SM”J ‘ > . < ,‘ . SDkll‘l nn SH]] SB mm K > <k/
<; TN kk’lt’n;nn Ji fnm iy "N\
= Z SM SDr trtm’,Z’ 'Sl SBn i t> N (] (53)
rr' tt' . mm' .nn' ,jj'
= [man_die_de_hond_bijt’]%. (54)

C.2 Interpretations in &:

C.2.1 Subject Relativization

We start by using the interpretations of variables in the interpretation of E\ as given in eq. E], which are
particular forms of eq. [[1] The variables can have any value with the only requirement that it is neither
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po nor p;. This is because the resulting states must have a non-zero probability of being projected on
either of these states, which is necessary for the following step.

1

([[xz <1yz]]g6)é . [[Zzﬂges . ([[X2 <1y2]]ge> :

[(x29y2) > 22] g8 = [22] 46 * [x2<y2],e = T - (55)
Tre <([[x2<1yz]]ge> " lelgs - ([[xzﬂyz]]ge> 2)
[ (2 ay2) > 22)]ge = ([22] e * [x2 ay2]ge) * [] o
(i) et )’

oo ((Bee)* (e < Bnmlye)- (Ee) )

Looking at the interpretation of xleft in eq. we first work out eq. with [x] go substituted by
["x1] = T2 (T} ([x1]4s ) ) because of assignment gfvuxl, and with [x; & substituted by 7 in its turn,
because of the assignment ngJ. Recall that in our definitions Uy = 1. Since controlled commutativity is

not used, n = 0 and (S+)0 = 1. In both steps below, pure state py will be preserved, taking into account
that

[[tA]]gG * [[MB]]gG = [[MB]]gG’ (57)

01

o BUEEY 6D 00,
“Enene

Therefore, the concrete interpretation of the xleft rule uses

when [u”] & equals pg or p;. To show this, take [*] & = <Z Z) and [u],s = |0) (0] = (O 0) ,

and similarly for [u”],s = p;.

["xi] =15 (T (1)) = 1%]0) (0] = 10) (0], (59)

which substituted in eq[56| gives

[[llxl 'COI(VUXI > ((Xz <1y2) DZZ))HgG —

= S& (([[Zz]]ge * [oxa <1)’2]]g6) *10) 6<0’) (S?#)T
—10) & (0] (60)

In the following two steps, the interpretations of rules £, and E\ are used. In the last step of @ we refer
again to eq[30]
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[z a2 1.1 ("xy b (22 4y2) B 22)) [ gs = [z0] g * [A 1.2 (Vo (22 42) B 22)) g

(‘O>6<OD% [zolgs - (\0>G(O\)%

= [z0]gs *10) & (0| = 1 = 10) (0]
T e (100D} - [role - (01 6 (0)F)

= [die_de_hond_bijt'] s (61)

HyoD(zw?L’xl."Ot(le>((xz<1yz)>m)))]] H(ZO<17L’X1 11> (12 952) 2 22)) g * [0l o
([[yo]] ) ([[yo]] )
= [0) (0] * [vo] j& =
Tre ((u:youge) 1006001 (Dol,e) )

= [man_die_de_hond_bijt ] s. (62)

C.2.2 Object Relativization

Just as in the previous derivations, once more we use the interpretations of E\ in the two first steps.

([[x]]g@); [zalge - (ﬂxﬂge); ' (63)

Tre (([[XJ]gG); el (1) ;>

[(2ay2) > (x> 22)[ge = ([z2]gs * [x]gs ) * [x29y2] e
_ ([[xzdyz]]ge)%-([[Zz]]ge*[[x]]ge)-([[xzdyz}]ge)%
Tl’@ (([[XZ <1y2]]g<~3)j . ([[Zz]]ge * [[x]]ge) . (HXZ <1y2ﬂg6)§>

In the application of the interpretation of xlef7 in eqH]) is the same as in the previous reading, except that
controlled commutation is used once, so that m = 1, meaning that (SJF)1 =8,Up=1:

x> 2] 6 = [z2]gs * [x] 6 =

(64)

["Vx1] = T2 (T (1)) = 1%10) (0] = |0) (0], (65)
which substituted in[56] gives

[Alx1 1 (2 ay2) > (VWxi b 22))] o =
S (([2ds #10) 640]) * [xa <yl e) (84
Tre (4 (([z2]gs 10 6 (0) * 2 ay2le) (1))
= 1)1, (66)
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since

w (o) w0 EDCY)

Finally, for the interpretations of £, and E\:

senss. (0002 00) (o) o

_ ~(p o) =Iettl @D

[0 9 %1 12 ay2) > (Vx1 >22)) [ gs = [zolge * [A %1€ 1((x2 ay2) > (VW1 > 22))] o

(061D Talge - (1) (1D
Tre (1) 6(1)7 - Taol= - (1D (11)?)

= [die_de_hond_bijt's. (68)

= 1) e(1]

Do (z0 9 A %1€ 1((x2 ay2) > (a1 022))) ] g = [z 94 w1 1((x2 ay2) B (VVxy >22)) ] e * Dol g
1

(bolye )0 11 (Dol )

tis ( (Dolge) e t1l (Dolye) )

= [[man_die_de_hond_bijt’]]%G . (69)

D Proof transformation: beta reduction

The fB-reduction is one of the rewrite rules of the A-calculus. It asserts that applying a term with a
lambda-bound variable to a certain argument is equivalent to substituting that argument directly in the
original term, before introducing the lambda. In proof-theoretic terms, if an introduction rule is used
followed by an elimination rule, the derivation is not minimal. To elucidate this point, below is the
skeleton of a derivation where a term of type A is proved twice, by axiom and by an unknown proof:

axiom

x:AFx:A

: x:ATFt:B
AFn:A TFAxm:A\B
(T,A) F n>(Alx.m) : B

1

\E

The B reduction consists of substituting the unknown proof of the term of type A in place of the axiom,
reducing the need for the double proof of that term, and consequently the size of the proof:
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AFn:A

AT m[x/n] :B.

Through this reduction, a map from one conclusion to the other can be obtained, which has to be an
equality regarding their interpretations:

[n> (ﬂ,lx.m)]]]g = [m[x/n]]4,Vg.

This equality will be used to check that the density matrix construction interpretation is consistent with
the A-calculus. Below a concrete symbolic derivation before the reduction is shown:

x:A/BFx:A/B“ y:Bry:B ™

w:BFw:B“ z:B\(A/B)Fz:B\(A/B) <x x:A/B,y:Bl (x<y):A \ /5
w:B,z:B\(A/B)\- (w>z):A/B & y:BF Alx.(xay): (A/B)\A \]

(w:B,z:B\(A/B),u:B)F (w>z)>(Alx.(xay)): A .

The interpretation in the spatial space S of the several steps of the proof is given below, following the
numbering in the proof:

i'i 7
E): [[(qu)]]gs = Z X i Y i) A] (i
ii' Jj

B rrayle = ¥ |F) Y1) el
i'sjj'

[B]o[A]" <’

14 /

1" mm’ ;nn'

n n

m/> (18] (o |

Ve v
E: [woo)e A (cay)lgs = Y W SZu 0 SY 1) 14 Gl
i jj 1

In spin space G the interpretation of the proof steps is as follows:

By: [wa)lge = o * Dlye
1\1 : [[)’lx'<x<y)]]g6 =1Ix [[y]]gG = [[y]]ge'
E\z : [[(WDZ)]]&’ = [[Z]]gG * [[W]]ge

E: [(w>z)p (),lx.(qu))]]gs = [ylge * ([l 4o * [W]ge)
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A similar treatment is done for the derivation after the reduction:

ax

w:BFw:B“ z:B\(A/B)Fz:B\(A/B)
w:B,z:B\(A/B)F (w>z) : A/B \e, y:BFy:B ™
w:B,z:B\(A/B),u: Bl ((w>z)<y): A \ex

The value of [(w>z)], is the same as before. For [((wi>z) <y)],s:

i

e, i i
E\,: H((WDZ)Q)’)]]gS: Z SW SZl’l7jj’SYJJ|i> [A}<i/|-

it jj I
On the spin space, we have

E: [(wez)ay)lge = Dgs * ([2]ge * [w],s)

Comparing the two derivations and interpretations, the conclusion is that

[\, 0 2W))]gs = [Ey, (2(w), Axox(y)) ] s,

as expected, and

IIE\4 (y,z(w))]]ge = [[E\s (Z(W)le‘x(y))]]ge :
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